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II. PRELIMINARIES 
Throughout this paper, ܪ denotes a 2-Hilbert space and ߦ is a fixed nonzero element of ܪ. All inner products and norms 
are taken with respect to the fixed element ߦ. 
 

Definition 2.1[3]: Let ܪ	be a complex vector space. A complex-valued mapping ⟨(⋅,⋅), ଶܪ:⟨(⋅,⋅) × ଶܪ → ℂ	is called a 2-
inner product if, for every ܽ, ܾ, ܿ,݀, ݁ ∈ ,ߙ andܪ ߣ ∈ ℂ, the following conditions are satisfied. 
(i) If ܽ	and ܾ	are linearly independent, then  ⟨(ܽ, ܾ), (ܽ, ܾ)⟩ > 0. 
(ii)  ⟨(ܽ, ܾ), (ܿ,݀)⟩ = ⟨(ܿ,݀), (ܽ, ܾ)⟩തതതതതതതതതതതതതതതതത 
(iii)  ⟨(ܽ, ܾ), (ܿ,݀)⟩ = −⟨(ܾ,ܽ), (ܿ,݀)⟩തതതതതതതതതതതതതതതതത 
(iv)  ⟨(ܽߙ, ܾ), (ܿ,݀)⟩ = ,(ܾ,ܽ)⟩ߙ (ܿ,݀)⟩. 
(v)  ⟨(ܽ + ݁, ܾ), (ܿ,݀)⟩ = ⟨(ܽ, ܾ), (ܿ,݀)⟩ + ⟨(݁, ܾ), (ܿ,݀)⟩. 
The pair  (ܪ, ⟨(⋅,⋅), (⋅,⋅)⟩)is called a 2-inner product space. 
 

Remark 2.2 ([3]): The axioms of Definition 2.1 immediately imply the following identities. For every ܽ, ܾ, ܿ,݀, ܾ̄, ܿ̄, ݀̄ ∈
ߚ,ߙ andܪ ∈ ℂ, 

(݅) ܾߙ,ܽ)⟩ + ܾ̄), (ܿ,݀)⟩ = ,ܽ)⟩ߙ ܾ), (ܿ,݀)⟩ + ⟨(ܽ, ܾ̄), (ܿ,݀)⟩,
(݅݅) ⟨(ܽ, ܾ), ܿߚ) + ܿ̄,݀)⟩ = ,ܽ)⟩ ‾ߚ ܾ), (ܿ,݀)⟩ + ⟨(ܽ, ܾ), (ܿ̄,݀)⟩,
(݅݅݅) ⟨(ܽ, ܾ), ݀ߚ,ܿ) + ݀̄)⟩ = ,ܽ)⟩ ‾ߚ ܾ), (ܿ,݀)⟩ + ⟨(ܽ, ܾ), (ܿ, ݀̄)⟩,
(ݒ݅) ⟨(ܽ, ܾ), (ܿ,݀)⟩ = ⟨(ܾ,ܽ), (݀, ܿ)⟩,
(ݒ) ⟨(ܽ, ܾ), (ܽ, ܾ)⟩ = 0  ⟺   ܽ, ܾ are linearly dependent,
(݅ݒ) ⟨(ܽ, ܾ), (ܽ, ܾ)⟩ ≥ 0.

 

 
Theorem 2.3 ([3]): Let ܪbe a 2-inner product space. Then the mapping ∥⋅,⋅∥:ܪ × ܪ → ℝdefined by ∥ ܽ, ܾ ∥=
ඥ⟨(ܽ, ܾ), (ܽ, ܾ)⟩is a 2-norm on ܪ. 
 
Definition 2.4 ([3,8]): Let 0 ≠ ߦ ∈ {௡ݔ} A sequence .ܪ ⊂ ߝCauchy sequence if, for every-ߦis called aܪ > 0, there exists 
ܰ ∈ ℕ	such that   ∥ ௠ݔ − ,௡ݔ ߦ ∥< ݊,݉∀,ߝ ≥ ܰ. 
If every ߦ-Cauchy sequence converges in the semi norm ∥⋅, ߦ ∥, then ܪis called a ߦ-Hilbert space. 
If ܪ	is a ߦ-Hilbert space for every nonzero vector ߦ ∈  .is called a 2-Hilbert spaceܪ then ,ܪ
 

Throughout the remainder of this paper, ߦ	denotes a fixed nonzero element of the 2-Hilbert space ܪ. Accordingly, the 2-
inner product ⟨(ݔ, ,(ߦ ,ݕ) ∥ and the corresponding 2-norm⟨(ߦ ,ݔ ߦ ∥= ඥ⟨(ݔ, ,(ߦ ,ݔ)  will be used throughout without	⟨(ߦ
further mention. Observe that ∥ ,ݔ ߦ ∥= 0 ⟺ ݔ ∈ span{ߦ},and therefore ∥⋅, ߦ ∥is a seminorm on ܪ.  
 
Proposition 2.5: Define a relation ∼	on ܪ	by ݔ ∼ ⟺  ݕ ݔ   − ݕ ∈ span{ߦ}.Then ∼is an equivalence relation on ܪ. 
Consequently, the quotient space ܪక: = /ܪ span{ߦ} is a vector space. For each ݔ ∈ [ݔ] we denote by ,ܪ = ݔ +
span	{ߦ} = ݔ } + :ߦߣ ߣ ∈ ॲ }the equivalence class of ݔ. 
 
Proposition 2.6: The mapping ⟨[ݔ], ⟨[ݕ] = ݔ⟩ + span{ߦ} ݕ, + span{ߦ}⟩ = ,ݔ)⟩ ,(ߦ ,ݕ)  is well defined and defines an,⟨(ߦ

inner product on the quotient space ܪక = ு
ୱ୮ୟ୬{క}

. 
 

Remark 2.7: The quotient space ܪ/span	{ߦ},equipped with the above inner product, is a Hilbert space. 
Remark 2.8. For every ݑ ∈ ∥ ,ߣ and every scalar	ܪ ݑ + ,ߦߣ ߦ ∥=∥ ,ݑ ߦ ∥. 
 
Definition 2.9. [6,7,9] ࣈ-Bessel Sequence  A sequence ൛ݔ௝ൟ௝∈௃ ⊂  Bessel sequence if there exists a-ߦ is called aܪ
constant ܤ > 0	such that 

෍∣∣〈(ݔ, ,(ߦ ௝ݔ) , ∣∣〈(ߦ
ଶ

௝∈௃

≤ ܤ ∥ ,ݔ ߦ ∥ଶ, ݔ∀  ∈  .ܪ

The constant B is called a ߦ-Bessel bound. 
 

Definition 2.10 [6,7,9]	ࣈ-Frame 
A sequence ൛ݔ௝ൟ௝∈௃ ⊂ is said to be a ξ-frame for H if there exist constants 0	ܪ < ܣ ≤ ܤ < ∞	satisfying 

ܣ ∥ ,ݔ ߦ ∥ଶ≤෍∣∣〈(ݔ, ,(ߦ ௝ݔ) , ∣∣〈(ߦ
ଶ

௝∈௃

≤ ܤ ∥ ,ݔ ߦ ∥ଶ, ݔ∀  ∈  .ܪ

The positive numbers A and B are called the lower and upper ߦ-frame bounds, respectively. 
 

Theorem 2.11[8]: Riesz Representation Theorem 
Let H be a Hilbert space and let ݂:ܪ → ℝ	be a bounded linear functional. Then there exists a unique vector ݕ ∈  such	ܪ
that 

(ݔ)݂ = ,〈ݕ,ݔ〉 ݔ∀  ∈  .ܪ
Moreover, 

∥ ݂ ∥=∥ ݕ ∥. 
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III. ANALYSIS OPERATOR ASSOCIATED WITH A ࣈ-BESSEL SEQUENCE 
The analysis operator converts each vector of the 2-Hilbert space into its sequence of ߦ-frame coefficients. Since vectors 
differing by an element of ݊ܽ݌ݏ	{ߦ}	possess identical coefficients, the construction naturally extends to the quotient 
Hilbert space.  
Definition 3.1. Analysis Operator Let ൛ݔ௝ൟ௝∈௃be a ߦ-Bessel sequence in H. The analysis operator కܶ:ܪ ⟶ ℓଶ(ܬ) 

is defined by కܶݔ = ൛⟨(ݔ, ,(ߦ ௝ݔ) , ൟ⟨(ߦ
௝∈௃

, ݔ ∈   .frame coefficient sequence-ߦ Each vector is therefore represented by its	.ܪ

Remark 3.2: Since ൛ݔ௝ൟ௝∈௃satisfies the ξ-Bessel inequality, the sequence కܶ(ݔ)belongs to ℓଶ(ܬ)for every ݔ ∈  .ܪ
Consequently, the analysis operator is well defined.  
Theorem 3.3. Linearity  The analysis operator కܶ is linear.  
Proof: Let ݕ,ݔ ∈ ߚ,ߙ andܪ ∈ ℝ. Then 

కܶ(ݔߙ + (ݕߚ = ൛ݔ)⟩ߙ, ,(ߦ ௝ݔ) , ,ݕ)⟩ߚ+⟨(ߦ ,(ߦ ௝ݔ) , ൟ⟨(ߦ
௝∈௃

 

= ,ݔ)⟩൛ߙ ,(ߦ ௝ݔ) , ൟ⟨(ߦ
௝∈௃

+ ,ݕ)⟩൛ߚ ,(ߦ ௝ݔ) , ൟ⟨(ߦ
௝∈௃

 

= ߙ కܶݔ + ߚ కܶݕ. 
Hence, కܶ is linear. 
Theorem 3.4. Boundedness 
Let ൛ݔ௝ൟ௝∈௃be a ߦ-Bessel sequence with upper Bessel bound ܤ. Then 

∥ కܶ ∥≤  .ܤ√
Proof: For every ݔ ∈  ,ܪ

ฮ కܶݔฮℓమ
ଶ = ෍ห〈(ݔ, ,(ߦ ൫ݔ௝ , ൯〉หଶߦ

௝∈௃

 

≤ ,ݔ‖ܤ  ଶusing (2.9)‖ߦ
by the ξ-Bessel inequality. Therefore, 

∥ కܶ(ݔ) ∥≤  ܤ√ ∥ ,ݔ ߦ ∥. 
Taking the supremum over all nonzero vectors’ yields 

∥ కܶ ∥≤  .ܤ√
Thus, the analysis operator is bounded. 
Remark 3.5. Motivation for the Quotient Construction 
The operator కܶ is generally not injective. Indeed, if ݕ = ݔ + ,ߦߣ ߣ  ∈ ℝ, 
then ൻ(ݕ, ,(ߦ ൫ݔ௝ , ൯ൿߦ = ൻ(ݔ, ,(ߦ ൫ݔ௝ , ݆∀,൯ൿߦ ∈ (ݕ)seminorm. Hence, కܶ-ߦ has zero ߦ because every multiple of	ܬ = కܶ(ݔ). 
Therefore, the analysis operator depends only on the equivalence class of a vector modulo span	{ߦ}, which motivates its 
formulation on the quotient Hilbert space. 
 

IV. SYNTHESIS OPERATOR ASSOCIATED WITH A ࣈ-FRAME 
The synthesis operator reconstructs vectors from square-summable coefficient sequences. Since the analysis operator 
depends only on equivalence classes modulo ݊ܽ݌ݏ	{ߦ}, its adjoint is first defined on the quotient Hilbert space and then 
identified with the original 2-Hilbert space through a fixed complementary subspace.  
Definition 4.1. Quotient Synthesis Operator 
Let ෨ܶక: ு

ୱ୮ୟ୬{క}
⟶ ℓଶ(ܬ)be the quotient analysis operator. The quotient synthesis operator is defined as its Hilbert-space 

adjoint, ෨ܶక ∗: ℓଶ(ܬ) 〉 satisfying		,{ߦ}	span/ܪ⟶ ෨ܶక([ݔ]), ܿ〉ℓమ = ,[ݔ]〉 ෨ܶక ∗ܿ〉ு഍ 	for every equivalence class [ݔ]and every 

coefficient sequence ൛ ௝ܿൟ ∈ ℓଶ(ܬ).  
Theorem 4.2. Existence and Uniqueness 
There exists a unique bounded quotient synthesis operator ෨ܶక ∗: ℓଶ(ܬ) →  .{ߦ}	span/ܪ
Proof: The quotient space ܪ/ span{ߦ}and ℓଶ(ܬ)are Hilbert spaces, and the quotient analysis operator is bounded. 
Therefore, the Riesz Representation Theorem guarantees the existence of a unique bounded adjoint operator ෨ܶక ∗.  
Theorem 4.3. Representative Family of a ࣈ-Frame 
Let M be a fixed complementary subspace of span{ߦ}such that ܪ = ⊕ܯ span{ߦ}. 
If ൛ݔ௝ൟ௝∈௃is a ߦ-frame for H, then there exists a unique family ൛ݔො௝ൟ௝∈௃ ⊂  ܯ

satisfying ൣݔො௝൧ = ,௝൧ݔൣ  ݆ ∈   .௝ൟݔframe with the same frame bounds as ൛-ߦ ො௝ൟis aݔMoreover, ൛	.ܬ
Proof: Since ܪ = ⊕ܯ span  each frame element admits a unique decomposition ,{ߦ}	

௝ݔ = ො௝ݔ +  ,ߦ௝ߣ
where ݔො௝ ∈  ,Consequently .ܯ

௝൧ݔൣ =  .ො௝൧ݔൣ
Furthermore, 

ൻ(ݔ, ,(ߦ ൫ݔ௝ , ൯ൿߦ = ൻ(ݔ, ,(ߦ ൫ݔො௝ ,  ൯ൿߦ
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for every ݔ ∈  ,frame coefficients remain unchanged, and the ξ-frame inequalities are preserved. Therefore-ߦ Hence the .ܪ
൛ݔො௝ൟis also a ߦ-frame with identical frame bounds. The uniqueness follows from the direct sum decomposition. 
Definition 4.4. Synthesis Operator 
After identifying each equivalence class with its unique representative in M, the synthesis operator is defined by 

కܶ
∗: ℓଶ(ܬ)  ܪ⟶

with 

కܶ
∗൫൛ ௝ܿൟ൯ = ෍ ௝ܿ

௝∈௃

ො௝ݔ . 

This operator provides the lifting of the quotient synthesis operator to the original 2-Hilbert space.  
Theorem 4.5. Linearity 
The synthesis operator కܶ

∗is linear. 
Proof: Let ൛ ௝ܽൟ, ൛ ௝ܾൟ ∈ ℓଶ(ܬ)and ߚ,ߙ ∈ ℝ. Then 

కܶ
∗൫ߙ൛ ௝ܽൟ + ൛ߚ ௝ܾൟ൯ = ෍(

௝∈௃

ߙ ௝ܽ + ߚ ௝ܾ൯ݔො௝

= ෍ߙ ௝ܽ
௝∈௃

ො௝ݔ + ෍ߚ ௝ܾ
௝∈௃

ො௝ݔ

= ߙ కܶ
∗൫൛ ௝ܽൟ൯ + ߚ కܶ

∗൫൛ ௝ܾൟ൯.

 

Hence, కܶ
∗is linear. 

Theorem 4.6. Boundedness of the Synthesis Operator 
The synthesis operator is bounded and satisfies 

∥ కܶ
∗ ∥≤  ,ܤ√

where B is the upper ߦ-frame bound. 
Proof: The operator కܶ

∗is obtained by lifting the bounded quotient synthesis operator. Since adjoint operators on Hilbert 
spaces possess identical norms, 

∥ కܶ
∗ ∥=∥ ෨ܶక ∗ ∥=∥ ෨ܶక ∥≤  .ܤ√

Therefore, the synthesis operator is bounded. 
Theorem 4.7. ࣈ-Adjoint Relation 
The synthesis operator is the ߦ-adjoint of the analysis operator; namely, 

〈 కܶݔ, ൛ ௝ܿൟ〉௟మ = ൻ(ݔ, ,(ߦ ൫ కܶ
∗൛ ௝ܿൟ,  ൯ൿߦ

for every ݔ ∈ and ൛	ܪ ௝ܿൟ ∈ ℓଶ(ܬ).  
Proof: Using the definition of the synthesis operator, 
Let ܿ = ൛ ௝ܿൟ, then 

〈 కܶݔ, ܿ〉௟మ = ෍⟨(ݔ, ,(ߦ ௝ݔ) , ⟨(ߦ
௝∈௃

ܿ௝̅ 

= ,ݔ)⟩ ,(ߦ (෍ ௝ܿݔ௝
௝∈௃

,  ⟨(ߦ

= ,ݔ)⟩ ,(ߦ ( కܶ
∗ܿ,  ⟨(ߦ

Hence, కܶ
∗is the ߦ-adjoint of కܶ . 

V. ࣈ-FRAME OPERATOR 
The frame operator is obtained by composing the synthesis and analysis operators. It provides the operator-theoretic 
representation of a ߦ-frame and forms the basis for reconstruction in the associated quotient Hilbert space.  
Definition 5.1. ࣈ-Frame Operator 
Let ൛ݔ௝ൟ௝∈௃be a ξ-frame with analysis operator కܶand synthesis operator కܶ

∗. The ߦ-frame operator is defined by ܵక =

కܶ
∗
కܶ .		For every ݔ ∈  ,ܪ

ܵకݔ = ෍〈(ݔ, ,(ߦ ൫ݔ௝ , ௝ݔ〈൯ߦ .
௝∈௃

 

This operator maps each vector to its reconstruction from the ߦ-frame coefficients.  
Theorem 5.2. Boundedness of the ࣈ-Frame Operator 
The ߦ-frame operator is bounded and satisfies 

∥ ܵక ∥≤  ,ܤ
where B denotes the upper ξ-frame bound.  
Proof: Since both కܶand కܶ

∗are bounded, 
∥ ܵక ∥=∥ కܶ

∗
కܶ ∥

≤∥ కܶ
∗ ∥   ∥ కܶ ∥

≤ ܤ√ ⋅ ܤ√ = .ܤ
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Hence, ܵక is a bounded linear operator. 
Theorem 5.3. Self-Adjointness 
The ߦ-frame operator is self-adjoint; that is, ൻ൫ܵకݔ, ,൯ߦ ,ݕ) ൿ(ߦ = ൻ(ݔ, ,(ߦ ൫ܵకݕ, ݕ,ݔ for every	൯ൿߦ ∈   .ܪ
Proof: Using the ߦ-adjoint relation established in Theorem 4.7, 

ൻ൫ܵకݔ, ,൯ߦ ,ݕ) ൿ(ߦ = ൻ൫ కܶ
∗൫ కܶݔ൯, ,൯ߦ ,ݕ)  ൿ(ߦ

= ൻ(ݕ, ,(ߦ ൫ కܶ
∗൫ కܶݔ൯,  ൯ൿതതതതതതതതതതതതതതതതതതതതതതതതതതߦ

= 〈 కܶݕ, కܶݔ〉തതതതതതതതതതതതത
௟మ 

= 〈 కܶݔ, కܶݕ〉௟మ 
Similarly, 

ൻ(ݔ, ,(ߦ ൫ܵకݕ, ൯ൿߦ = ൻ(ݔ, ,(ߦ ൫ కܶ
∗൫ కܶݕ൯, ൯ൿߦ = 〈 కܶݔ, కܶݕ〉௟మ 

Therefore, 
ൻ൫ܵకݔ, ,൯ߦ ,ݕ) ൿ(ߦ = ൻ(ݔ, ,(ߦ ൫ܵకݕ, Consequently, ܵక	൯ൿߦ is self-adjoint. 
Theorem 5.4. Positivity 
The ߦ-frame operator is positive; namely, ൻ൫ܵకݔ, ,൯ߦ ,ݕ) ൿ(ߦ ≥ 0, ݔ∀  ∈  .ܪ
Proof: For an arbitrary vector ݔ ∈ ,ݔൻ൫ܵక ,ܪ ,൯ߦ ,ݕ) ൿ(ߦ = ൻ൫ కܶ

∗൫ కܶݔ൯, ,൯ߦ ,ݕ) ൿ(ߦ = 〈 కܶݔ, కܶݕ〉 =∥ కܶݔ ∥ଶ 
Since the squared norm in ℓଶ(ܬ)is always non-negative, the result follows. 
Theorem 5.5. Operator Form of the ࣈ-Frame Inequalities 
Let A and B be the ߦ-frame bounds of ൛ݔ௝ൟ௝∈௃. Then 

కܫ ܣ ≤ ܵక ≤ కܫ ܤ , 
with respect to the operator order induced by the fixed element ߦ.  
Proof: The ߦ-frame inequality gives 

ܣ ∥ ,ݔ ߦ ∥ଶ≤෍∣∣〈(ݔ, ,(ߦ ௝ݔ) , ∣∣〈(ߦ
ଶ

௝∈௃

≤ ܤ ∥ ,ݔ ߦ ∥ଶ. 

Since 

෍∣∣〈(ݔ, ,(ߦ ௝ݔ) , ∣∣〈(ߦ
ଶ

௝∈௃

= ൻ൫ܵకݔ, ,൯ߦ ,ݔ)  ൿ(ߦ

we obtain 
ܣ ∥ ,ݔ ߦ ∥ଶ≤ ൻ൫ܵకݔ, ,൯ߦ ,ݔ) ൿ(ߦ ≤ ܤ ∥ ,ݔ ߦ ∥ଶ. 

As this holds for every vector in H, it is equivalent to the operator inequality 
కܫ ܣ ≤ ܵక ≤ కܫ ܤ . 

Hence, the ߦ-frame inequalities admit the above operator formulation. 
Remark 5.6: The inequalityܫ ܣక ≤ ܵక ≤ కܫ ܤ is the operator-theoretic counterpart of the ߦ-frame condition. In particular, 
the lower bound shows that the induced operator on the quotient Hilbert space is bounded below, while the upper 
bound guarantees continuity. These properties are fundamental for the reconstruction theory developed from the ߦ-frame 
operator. 

VI. RECONSTRUCTION THEOREM AND CANONICAL DUAL ࣈ-FRAME 
The operator properties established in the previous section imply that the ߦ-frame operator is invertible on the quotient 
Hilbert space. This leads naturally to the canonical dual ߦ-frame and the corresponding reconstruction formula. The results 
below are adapted from Section 4.2 of the thesis.  
Theorem 6.1. Invertibility of the ࣈ-Frame Operator 
Let ܵకbe the ߦ-frame operator associated with a ߦ-frame whose frame bounds are ܣ	and ܤ. Then the induced operator on 
the quotient space, 

ሚܵక:ܪ/span	{ߦ}  ,{ߦ}	span/ܪ⟶
is bounded, positive, and invertible. Moreover, 

ܫଵିܤ ≤ ሚܵకିଵ ≤  .ܫଵିܣ
Proof: From the operator form of the ߦ-frame inequalities, 

ܫܣ ≤ ሚܵక ≤  .ܫܤ
Hence, ሚܵక is bounded below by a positive operator and is therefore injective with closed range. Since the ߦ-frame 
inequalities hold on the entire quotient Hilbert space, its range is all of ܪ/span	{ߦ}. Consequently, ሚܵకis boundedly 
invertible. Applying inversion to the operator inequality yields ିܤଵܫ ≤ ሚܵకିଵ ≤  .ܫଵିܣ
Thus, the induced ߦ-frame operator is positive and invertible. 
Definition 6.2. Canonical Dual ߦ-Frame 
Let ൛ݔ௝ൟ௝∈௃be a ߦ-frame with induced frame operator ሚܵక. The family 

൛ ሚܵకିଵൣݔ௝൧ൟ௝∈௃ 
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is called the canonical dual ߦ-frame. After selecting representatives from a fixed complementary subspace, it may be 
written as ݔ෤௝ = ܵకିଵݔ௝ ,  ݆ ∈   .frame-ߦ ෤௝ൟis referred to as the canonical dual of theݔThe sequence ൛.ܬ
Theorem 6.3. Reconstruction Formula 
Let ൛ݔ௝ൟ௝∈௃be a ߦ-frame for H, and let ൛ݔ෤௝ൟ௝∈௃denote its canonical dual ߦ-frame. Then every vector ݔ ∈  admits the	ܪ
reconstruction 

ݔ = ෍〈(ݔ, ,(ߦ ൫ݔ෤௝ , 〈൯ߦ
௝∈௃

 ௝ݔ

Equivalently, 

ݔ = ෍〈(ݔ, ,(ߦ ൫ݔ௝ , 〈൯ߦ
௝∈௃

 ෤௝ݔ

Proof: Since ሚܵకis invertible, 
ݔ = ܵకିଵܵకݔ. 

Using the representation of the ߦ-frame operator, 

ܵకݔ = ෍〈(ݔ, ,(ߦ ൫ݔ௝ , 〈൯ߦ
௝∈௃

 ௝ݔ

we obtain 

ݔ = ܵకିଵ ቌ෍〈(ݔ, ,(ߦ ൫ݔ௝ , 〈൯ߦ
௝∈௃

 ௝ቍݔ

= ෍〈(ݔ, ,(ߦ ൫ݔ௝ , ൯〉ܵకିଵߦ

௝∈௃

 ௝ݔ

= ෍〈(ݔ, ,(ߦ ൫ݔ௝ , 〈൯ߦ
௝∈௃

 ෤௝ݔ

Since ܵక is self-adjoint, the symmetric expansion follows immediately: 

ݔ = ෍〈(ݔ, ,(ߦ ൫ݔ෤௝ , 〈൯ߦ
௝∈௃

 ௝ݔ

Therefore, every vector possesses a stable reconstruction with respect to both the original ߦ-frame and its canonical dual. 
Theorem 6.4. Canonical Dual is a ξ-Frame 
The canonical dual sequence 

൛ݔ෤௝ൟ௝∈௃ = ൛ܵకିଵݔ௝ൟ௝∈௃ 
forms a ߦ-frame for H. 
Proof: For each ݔ ∈  let ,ܪ

ݕ = ܵకିଵݔ. 
By the self-adjointness of ܵకିଵ, 

,ݔ)〉 ,(ߦ ൫ݔ෤௝ , 〈൯ߦ = ,ݕ)〉 ,(ߦ ൫ݔ௝ ,  〈൯ߦ
Applying the ξ-frame inequalities to the vector ݕ	gives 

ܣ ∥ ,ݕ ߦ ∥ଶ≤෍ ∣
௝∈௃

ൻ(ݕ, ,(ߦ ൫ݔ௝, ൯ൿߦ ∣ଶ≤ ܤ ∥ ,ݕ ߦ ∥ଶ. 

Substituting the above identity yields 

ܣ ∥ ܵకିଵݔ, ߦ ∥ଶ≤෍ ∣
௝∈௃

,ݔ)〉 ,(ߦ ൫ݔ෤௝ , 〈൯ߦ ∣ଶ≤ ܤ ∥ ܵకିଵݔ, ߦ ∥ଶ. 

Hence, ൛ݔ෤௝ൟ௝∈௃satisfies the ߦ-frame inequalities and is therefore a ߦ-frame. This section completes the reconstruction 
theory by establishing the invertibility of the ߦ-frame operator, introducing the canonical dual ߦ-frame, and deriving the 
corresponding reconstruction identities. 

VII. ILLUSTRATIVE EXAMPLE 
This example demonstrates the construction of the analysis operator, synthesis operator, and ߦ-frame operator for a 
finite-dimensional 2-Hilbert space. 
Example 7.1 
Let 

ܪ = ℝଷ, ߦ  = (0,0,1). 
The fixed element ߦ induces the inner product 

,ݔ)〉 ,(ߦ ,ݕ) 〈(ߦ = ଵݕଵݔ +  ଶݕଶݔ
and the corresponding norm 

∥ ,ݔ ߦ ∥= ටݔଵଶ +  .ଶଶݔ
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Choose the family 
ଵݔ = (1,0,0), ଶݔ  = (0,1,0) 

Since these vectors form an orthonormal basis of the quotient space ܪ/span	{ߦ}, they constitute a ߦ-frame with frame 
bounds 

ܣ = ܤ = 1. 
Analysis operator 
For an arbitrary vector  

ݔ = (ܽ, ܾ, ܿ), 
the ߦ-frame coefficients are 

,ݔ)〉 ,(ߦ ,ଵݔ) 〈(ߦ = ܽ, ,ݔ)〉 ,(ߦ ,ଶݔ) 〈(ߦ = ܾ. 
Hence, 

కܶ(ܽ, ܾ, ܿ) = (ܽ, ܾ) 
The analysis operator extracts precisely the non-degenerate coordinates determined by the fixed element ߦ. 
Synthesis operator 
For a coefficient sequence (ߚ,ߙ) ∈ ℓଶ({1,2}), 

కܶ
(ߚ,ߙ)∗ = ଵݔߙ + ଶݔߚ

= ,ߚ,ߙ) 0).
 

Thus, the synthesis operator reconstructs the representative lying in the complementary subspace 
ܯ = ,ݑ)} ,ݒ ,ݑ:(0 ݒ ∈ ℝ	}. 

 frame operator-ࣈ
The frame operator is 

ܵక = కܶ
∗
కܶ . 

Therefore, 
ܵక(ܽ, ܾ, ܿ) = కܶ

∗(ܽ, ܾ) = (ܽ, ܾ, 0) 
 
Its matrix representation is 

ܵక = ൭
1 0 0
0 1 0
0 0 0

൱ . 

Verification of operator properties 
For every ݔ = (ܽ, ܾ, ܿ) ∈  ,ܪ

ൻ൫ܵకݔ, ,൯ߦ ,ݕ) ൿ(ߦ = ܽଶ + ܾଶ =∥ ,ݔ ߦ ∥ଶ≥ 0 
Hence, ܵక is positive. Moreover, 

ൻ൫ܵకݔ, ,൯ߦ ,ݕ) ൿ(ߦ = ൻ(ݔ, ,(ߦ ൫ܵకݕ,  ൯ൿߦ
showing that it is self-adjoint. Since ܣ = ܤ = 1, the operator satisfies 

కܫ ≤ ܵక ≤ కܫ , 
and thereforeܵకacts as the identity on the quotient Hilbert space. This example illustrates that the analysis operator 
extracts ߦ-frame coefficients, the synthesis operator reconstructs vectors from those coefficients, and the ߦ-frame 
operator realizes the orthogonal projection onto the effective quotient space. 
 

VIII. CONCLUSION 
This paper developed the operator-theoretic framework of ߦ-frames in 2-Hilbert spaces through the analysis, synthesis, 
and ߦ-frame operators. The ߦ-analysis operator was introduced as a bounded linear mapping into the coefficient space, 
while the ߦ-synthesis operator was obtained as its adjoint through the quotient Hilbert space construction. Their 
composition produced the ߦ-frame operator, whose boundedness, self-adjointness, positivity, and operator inequalities 
were established. The invertibility of the induced operator naturally led to the canonical dual ߦ-frame and the associated 
reconstruction formula. The finite-dimensional example demonstrates the practical realization of these operators and 
confirms the theoretical results. Together, these constructions provide a foundation for further investigations of 
generalized frame operators and operator-controlled frame theory in 2-Hilbert spaces. 
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