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This work presents coupled fixed point results for two pairs of	߱-compatible mappings that meet߮-generalized 
contractive requirements in ܥ∗-algebra-valued ܵ௕-metric spaces. We can also provide appropriate and relevant examples 
for both integral equations and homotopy. First, we recall some basic results. 
 

1. PRELIMINARIES 
This section provides a short introduction to some realities about the theory of ܥ∗-algebras. First, suppose that ॏ is a 
unital ܥ∗-algebra with the unit 1ॏ .Set ॏ௛={s∈ 	ॏ;	s=ݏ∗ } .The element s∈ 	ॏ is said to be positive ,and we write s≥ 0ॏ if 
and only if s=ݏ∗ and (ݏ)ߪ ⊆ [0,∞),  On ॏ௛,we can find a. (ݏ)ߪ 0ॏ in ॏ is the zero element and spectrum of s is	ℎ݅ܿℎݓ	݊݅
natural partial ordering given by ℓ ≼ ߮ if and only if ߮ − ℓ ≽ 0ॏ .we denote with ॏା= {s∈ 	ॏ; s≥ 0ॏ} and ॏᇱ={s∈
	ॏ;	st=ts	∀ݐ ∈ 	ॏ }. 
 

Definition 1.1 ([11]):  Let G be a non-empty set and κ ∈ि′ with  
||κ|| ≥ 1. Suppose that a mapping ܵ௕: G 3 →ि be a function satisfying the following properties  
(ܵ௕ଵ) :ܵ௕ (α, β, γ) ≽0िfor all α, β, γ ∈G,  
(ܵ௕ଶ): ܵ௕ (α, β, γ) = 0 ⇔ α = β = γ,  
(ܵ௕ଷ): ܵ௕ (α, β, γ) ≤ κ(ܵ௕ (α, α, θ) + ܵ௕ (β, β, θ) + ܵ௕ (γ, γ, θ)) for all α, β, γ, θ ∈G. 
Then the function ܵ௕is called a C ∗ -algebra valued ܵ௕-metric on G and the pair (G,ि, ܵ௕) is called a C ∗ -algebra valued 
ܵ௕-metric space (C ∗ -AV-ܵ௕MS) with a co-efficient κ.  
 

Example 1.1. Let G=R and ि =M2(R) be all 2×2 matrices with the usual operations of addition, scalar multiplication, and 

matrix multiplication. It is clear that ||P|| =ට∑ ห ௜ܲ,௝ห
ଶଶ

௜,௝ୀଵ defines a norm onि, where P = (݌௜௝) ∈ि. ∗: ि →ि defines an 

involution on ि and where ि ∗ =ि. Then, ि is a C ∗ -algebra. For P = (݌௜௝) and Q = (ݍ௜௝) inि, a partial order on ि can be 
given as follows: P ≼ Q ⇐⇒݌௜௝−ݍ௜௝ ≤ 0  ∀i , j = 1, 2. Let (G, d) be a b-metric space where, ||κ|| ≥ 1 and Sb : G 3 → M2(R), 

fulfilling Sb(p, q, r) = ቜ
d(p, q) + d(q, r) + d(r, p) 0

0 d(p, q) + d(q, r) + d(r, p)
ቝ. Then, clearly (G,ि, Sb) is a C ∗ -AV-ܵ௕ −MS.  

 
Definition 1.2.([11]): AC∗-AV-ܵ௕MS is symmetric if ܵ௕ (ߚ,ߙ, ,ߙ) ௕ܵ = (ߛ ,ߚ) ௕ܵ=(ߚ,ߛ (ߙ,ߛ = ܵ௕ (ߙ,ߚ, (ߛ = ܵ௕ (ߚ,ߙ,ߛ) 	=
ܵ௕ (ߙ,ߚ,ߛ)∀ α, β,ߛ∈G 
 

Definition 1.3. ([11]) : Let (G,ि, ܵ௕) be a C ∗ -AV-Sb-MS and {ܺ௡} be a sequence in G:  
(1) If for all p ∈ N, ||ܵ௕ (ܺ௡ା௣, ܺ௡ା௣, ܺ௡)|| → 0, where n → ∞, then {ܺ௡} is a Cauchy sequence in G. 
(2) If ||ܵ௕ (ܺ௡, ܺ௡, χ)|| → 0, where n → ∞, then {ܺ௡} converges to χ, and we present it with lim୬	→	∞ ܺ௡  = χ.  
(3) If every Cauchy sequence is convergent in G , then (G,ि, ܵ௕) is a complete C ∗ -AV-Sb-MS.  
 

Definition 1.4. ([11]): Suppose that (࣡ଵ, िଵ,ܵ௕ଵ ) and (࣡ଶ, िଶ,ܵ௕ଶ) are C ∗ -AV-ܵ௕ MS, and let Γ: (࣡ଵ, िଵ,ܵ௕ଵ) → (࣡ଶ, 
िଶ,ܵ௕ଶ) be a function. Then, Γ is continuous at a point χ ∈࣡ଵif, for every sequence, {ܺ௡} in ࣡ଵ, ܵ௕(ܺ௡, ܺ௡, χ) →0ि,(n → ∞) 
implies ܵ௕ (Γ(ܺ௡), Γ(ܺ௡), γ(χ))→0ि ᇱwhere n → ∞.A function Γ is continuous at ࣡ଵif and only if it is continuous at all χ ∈࣡ଵ   
Lemma 1.5. Suppose that ि is a unital C ∗ -algebra with a unit 1ि:                         (1)  
If {ݔ௡}௡ୀଵ∞ ∞⊆ि and lim୬	→	∞ ∞	→	௡ =0ि, then for any χ ∈ि, lim୬ݔ  χ	 ∗ χ௡ χ=0ि .        (2) 
If χ, ξ ∈ि௛and s ∈िᇱ

ା then χ ≼ ξ yields sχ ≼sξ in which िᇱ
ା = िା∩ ि ′ .                  (3)  

If χ ∈िାwith ||χ|| <ଵ
ଶ
then 1ि− χ is invertible, and ||χ (1ि− χ) −1 || < 1.                       (4) 

If χ, ξ ∈िା such that χξ = ξχ, then χξ ≽0ि . 
2. MAIN RESULTS 

Definition 2.1:  Let (࣡,ॏ, ܵ௕) be a ܸܵܣ∗ܥ௕ܵܯ with co-efficient‖݇‖ > 1. 
Let Ω:࣡࣡ݔ → ࣡ be a mapping ,an element (	ߙ,ߵ) ∈ 	࣡ଶ is called coupled fixed point of Ω if Ω(ߙ,ߵ)=ߵ and Ω(ߵ,ߙ)=ߙ. 
Definition 2.2: Let (࣡,ॏ, ܵ௕) be a ܸܵܣ∗ܥ௕ܵܯ with co-efficient‖݇‖ > ࣡ݔ࣡:Ω	݁ݏ݋݌݌ݑݏ	݀݊ܽ	1 → ࣡ and Λ ∶ ࣡ → ࣡ be two 
mappings: 
(a) An element (	ϰ,α)	is	siad	to	be	a coupled coincident point of Ω and Λ if Ω(ϰ,α)=Λϰ ,Ω(α,ϰ)= Λα. 
(b) element (	ϰ,α)	is	siad	to	be	common		a coupled fixed point of Ω and  Λ if Ω(ϰ,α)=Λϰ= ϰ,Ω(α,ϰ)= Λα= α. 
(c) A pair of (Ω,Λ) is called weakly compitable if Λ(Ω(ϰ,α)) = Ω(Λϰ,Λα)) whenever for all ϰ,α ∈ ࣡ such that Ω(ϰ,α)=Λϰ 

,Ω(α,ϰ)= Λα. In this Section we indicate;  

ु = ቐ߮:ॏା	⟶
ॏା
߮
݊݋݊	ݏ݅		 − ,	݃݊݅ݏܽ݁ݎܿ݁݀ 		݀݊ܽ	ݏݑ݋ݑ݊݅ݐ݊݋ܿ

߮(ܽ) ≺ ܽ	݈݈ܽ	ݎ݋݂	ܽ ≻ 0ॏ		ܽ݊݀	߮(ܽ) = 0ॏ		 ⇔ ܽ = 0ॏ		
ቑ 

 

,૛.૚.૚ : If (࣡,ि	܉ܕܕ܍ۺ ܵ௕) be a ܸܵܣ∗ܥ௕ܵܯ with ‖݇‖ ≥ 1 and suppose that ൛æ௣ൟ is a ܥ∗ −  , ௕-convergent to ℓܵ−ܸܣ

then we have  ଵ
ଶ௞
ܵ௕(℘,℘, ℓ) ≼ lim	 inf௣→ஶ ܵ௕൫℘,℘, æ௣൯ ≼ lim	 sup௣→ஶ ܵ௕൫℘,℘, æ௣൯ ≼2kܵ௕(℘,℘, ℓ) for all ℘ ∈ ࣡ .  

In particular, if ℓ = ℘ ,then we have lim	௣→∞ ܵ௕൫ℓ௣, ℓ௣,℘൯=0ॏ		. 
  Using condition (ܵ௕ଷ) of Definition 1.1, we have :	݂݋݋ݎܲ
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ܵ௕൫℘,℘, æ௣൯ ≼2kܵ௕(℘,℘, ℓ) +kܵ௕൫æ௣, æ௣, ℓ൯	ܽ݊݀ 
ܵ௕(℘,℘, ℓ) ≼2kܵ௕൫℘,℘, æ௣൯ +kܵ௕൫ℓ, ℓ, æ௣൯ 
ܶܽking the upper limit as  ݌ → ∞ in the first inequality and the lower limit as ݌ → ∞ in the second inequality we obtain the 
desired result. 
Theorem 2.1.2: Let (࣡,ि, ܵ௕) be a complete ܸܵܣ∗ܥ௕ܵܯ with ‖݇‖ ≥ 1 , suppose Γ,Ω ∶ ࣡ଶ → 	࣡  and Λ,Θ ∶ 	࣡ → 	࣡ be 
four mappings satisfying for all ℓ,ߵ, æ, œ ∈ ࣡ ,  
ܵ௕(Γ(ℓ,ߵ), Γ(ℓ,ߵ),Ω(æ, œ)) ≼ ଵ

ସ௞ల
߮(ܽ∗ܵ௕(Λℓ, Λℓ,Θæ)ܽ + ܽ∗ܵ௕(Λߵ, Λߵ,Θœ)ܽ) ….. (2.1.1) 

߮	݁ݎℎ݁ݓ ∈ ु and  a∈ ि in which ฮ√2ܽฮ<1. Further assume that 
(݅)Γ(࣡ଶ) ⊆ 	Θ(࣡) and  Ω(࣡ଶ) ⊆ 	Λ(࣡) ; 
(݅݅) { Γ,Λ} and { Ω , Θ} are ߱ − compatible pairs; 
(݅݅݅) one of Λ(࣡) or Ω(࣡) is complete subspace of (࣡,ि, ܵ௕) ; 
ܶℎ݁݊Γ,Ω , Λ	and	Θ have a unique common coupled fixed point in ࣡. 
Let æ଴ ,œ଴ :܎ܗܗܚܘ ∈ ࣡be arbitrary, and from (i), we construct the sequences { æ௣} , { 	œ௣} , in ࣡ as  
Γ (æଶ௣	, 	œଶ௣)= Θæଶ௣ାଵ=ℓଶ௣        , Γ (	œଶ௣, æଶ௣		)= Θœଶ௣ାଵ=℘ଶ௣ , 
Ω (æଶ௣ାଵ	, 	œଶ௣ାଵ)= Λæଶ௣ାଶ=ℓଶ௣ାଵ , Ω (	œଶ௣ାଵ, æଶ௣ାଵ		)= Λœଶ௣ାଶ=℘ଶ௣ାଵ	where	p = 0,1,2 … … …. 
Notices that in ܥ∗-algebra, if a, b∈ ि  and a≼ ܾ , then for any j∈ िା	ܾݐ݋ℎ݆∗݆ܽ and ݆∗ܾ݆ are positive elements and ݆∗݆ܽ ≼
݆∗ܾ݆. Now we show that Γ,Ω , Λ	and	Θ have common coupled fixed point in ࣡. Assume that ܵ௕൫ℓଶ௣, ℓଶ௣, ℓଶ௣ାଵ൯ ≻ 0ॏ		and 
ܵ௕൫℘ଶ௣,℘ଶ௣,℘ଶ௣ାଵ൯ ≻ 0ॏ		∀	݌ .Otherwise ,there exists some positive integer p such that  ℓଶ௣ = ℓଶ௣ାଵ  ,℘ଶ௣ = ℘ଶ௣ାଵand 
so (ℓଶ௣,℘ଶ௣)	is a common coupled fixed point of Γ,Ω , Λ	,Θ ,and the proof is complete .By using (2.1.1) ,for each p∈ ܰ ,we 
have  ܵ௕൫ℓଶ௣ାଵ, ℓଶ௣ାଵ, ℓଶ௣ାଶ൯ =ܵ௕൫Γ൫æଶ௣ାଵ, œଶ௣ାଵ൯,Γ൫æଶ௣ାଵ, œଶ௣ାଵ൯,Ω(æଶ௣ାଶ, œଶ௣ାଶ)൯ 

≼
1

4݇଺
߮൫ܽ∗ܵ௕൫Λæଶ௣ାଵ, Λæଶ௣ାଵ,Θæଶ௣ାଶ൯ܽ + ܽ∗ܵ௕൫Λœଶ௣ାଵ, Λœଶ௣ାଵ,Θœଶ௣ାଶ൯ܽ൯ 

≼ ଵ
ସ௞ల

߮൫ܽ∗ܵ௕൫ℓଶ௣, ℓଶ௣, ℓଶ௣ାଵ൯ܽ + ܽ∗ܵ௕൫℘ଶ௣,℘ଶ௣,℘ଶ௣ାଵ൯ܽ൯ ……..    (2.1.2) 
and similarly, we prove that  

ܵ௕൫℘ଶ௣,℘ଶ௣,℘ଶ௣ାଵ൯ ≼
ଵ
ସ௞ల

߮൫ܽ∗ܵ௕൫ℓଶ௣, ℓଶ௣, ℓଶ௣ାଵ൯ܽ + ܽ∗ܵ௕൫℘ଶ௣,℘ଶ௣,℘ଶ௣ାଵ൯ܽ൯ …. (2.1.3) 
,ℒଶ௣ାଵ=ܵ௕൫ℓଶ௣ାଵݐ݁ܮ ℓଶ௣ାଵ, ℓଶ௣ାଶ൯ +ܵ௕൫℘ଶ௣ାଵ,℘ଶ௣ାଵ,℘ଶ௣ାଶ൯ and using eq. (2.1.2), (2.1,3), we have 

ℒଶ௣ାଵ=ܵ௕൫ℓଶ௣ାଵ, ℓଶ௣ାଵ, ℓଶ௣ାଶ൯ +ܵ௕൫℘ଶ௣ାଵ,℘ଶ௣ାଵ,℘ଶ௣ାଶ൯ 	≺
ଵ
ସ௞ల

߮൫ܽ∗ܵ௕൫ℓଶ௣, ℓଶ௣, ℓଶ௣ାଵ൯ܽ + ܽ∗ܵ௕൫℘ଶ௣,℘ଶ௣,℘ଶ௣ାଵ൯ܽ൯ 

+ ଵ
ସ௞ల

߮൫ܽ∗ܵ௕൫ℓଶ௣, ℓଶ௣, ℓଶ௣ାଵ൯ܽ + ܽ∗ܵ௕൫℘ଶ௣,℘ଶ௣,℘ଶ௣ାଵ൯ܽ൯ 	≺
ଵ
ସ௞ల

(√2ܽ)∗ℒଶ௣(√2ܽ) 

≺ ଵ
(ସ௞ల	)మ

[	(√2ܽ)∗		]ଶℒଶ௣ିଵ൫√2ܽ൯
ଶ

… ………… ≺ ଵ
(ସ௞ల	)మ೛శభ

[	(√2ܽ)∗		]ଶ௣ାଵℒ଴൫√2ܽ൯
ଶ௣ାଵ

 
ܰow, we can obtain for any p∈ ܰ 

ℒ௣=ܵ௕൫ℓ௣, ℓ௣, ℓ௣ାଵ൯ +ܵ௕൫℘௣,℘௣,℘௣ାଵ൯ 	≺
ଵ
ସ௞ల

൫√2ܽ൯
∗
ℒ௣ିଵ൫√2ܽ൯………≺ ଵ

(ସ௞ల	)೛
[	(√2ܽ)∗		]௣ℒ଴൫√2ܽ൯

௣
 . 

If ℑ଴=0ॏ		,then from (ܵ௕య) of Definition 1.3.1, we know (ℓ଴,℘଴) is a coupled fixed point of Γ,Ω , Λ	and	Θ ,Now letting 
ℑ଴ ≻ 0ॏ		,we get for any p∈ ܰ ,for any ݈ ∈ ܰ and using condition of (ܵ௕య) of Definition 1.3.1 , 

ܵ௕൫ℓଶ௣ା௟ , ℓଶ௣ା௟ , ℓଶ௣൯ ≼ ݇ ቆ
ܵ௕൫ℓଶ௣ା௟ , ℓଶ௣ା௟ , ℓଶ௣ା௟ିଵ൯ + ܵ௕൫ℓଶ௣ା௟ , ℓଶ௣ା௟ , ℓଶ௣ା௟ିଵ൯

+ܵ௕൫ℓଶ௣, ℓଶ௣, ℓଶ௣ା௟ିଵ൯
ቇ 

																																										≼ 2݇	ܵ௕൫ℓଶ௣ା௟ , ℓଶ௣ା௟ , ℓଶ௣ା௟ିଵ൯+݇ܵ௕൫ℓଶ௣, ℓଶ௣, ℓଶ௣ା௟ିଵ൯ 
= 2݇	ܵ௕൫ℓଶ௣ା௟ , ℓଶ௣ା௟ , ℓଶ௣ା௟ିଵ൯ + ݇ܵ௕൫ℓଶ௣ା௟ିଵ, ℓଶ௣ା௟ିଵ, ℓଶ௣൯ 

≼ 2݇	ܵ௕൫ℓଶ௣ା௟ , ℓଶ௣ା௟ , ℓଶ௣ା௟ିଵ൯ +2݇ଶܵ௕൫ℓଶ௣ା௟ିଵ, ℓଶ௣ା௟ିଵ, ℓଶ௣ା௟ିଶ൯+ ݇ଶܵ௕൫ℓଶ௣ା௟ିଶ, ℓଶ௣ା௟ିଶ, ℓଶ௣൯… … … … … … … … 
≼ 2݇	ܵ௕൫ℓଶ௣ାଵ, ℓଶ௣ାଵ, ℓଶ௣ା௟ିଵ൯2݇ଶܵ௕൫ℓଶ௣ା௟ିଵ, ℓଶ௣ା௟ିଵ, ℓଶ௣ା௟ିଶ൯+2݇ଷܵ௕൫ℓଶ௣ା௟ିଶ, ℓଶ௣ା௟ିଶ, ℓଶ௣ା௟ିଷ൯+ 

+2݇௟ܵ௕൫ℓଶ௣ାଵ, ℓଶ௣ାଵ, ℓଶ௣൯	ܽ݊݀	 similarly, 
ܵ௕൫℘ଶ௣ାଵ,℘ଶ௣ାଵ,℘ଶ௣൯ ≼ 2݇	ܵ௕൫℘ଶ௣ା௟ ,℘ଶ௣ା௟ ,℘ଶ௣ା௟ିଵ൯ +2݇ଶܵ௕൫℘ଶ௣ା௟ିଵ,℘ଶ௣ା௟ିଵ,℘ଶ௣ା௟ିଶ൯+ 
2݇ଷܵ௕൫℘ଶ௣ା௟ିଶ,℘ଶ௣ା௟ିଶ,℘ଶ௣ା௟ିଷ൯+ ………. +2݇௟ܵ௕൫℘ଶ௣ାଵ,℘ଶ௣ାଵ,℘ଶ௣൯	Consequently, 
ܵ௕൫ℓଶ௣ା௟ , ℓଶ௣ା௟ , ℓଶ௣൯ +ܵ௕൫℘ଶ௣ା௟ ,℘ଶ௣ା௟ ,℘ଶ௣൯ ≼ 2݇ℒଶ௣ା௟ିଵ+2݇ଶℒଶ௣ା௟ିଶ +…. +2݇௟ℒଶ௣ 

≺ ଶ௞
(ସ௞ల	)మ೛శ೗షభ

[	(√2ܽ)∗		]ଶ௣ା௟ିଵℒ଴൫√2ܽ൯
ଶ௣ା௟ିଵ

+ ଶ௞మ

(ସ௞ల	)మ೛శ೗షమ
[	(√2ܽ)∗		]ଶ௣ା௟ିଶℒ଴൫√2ܽ൯

ଶ௣ା௟ିଶ
+…….+ 

ଶ௞೗

(ସ௞ల	)మ೛
[	(√2ܽ)∗		]ଶ௣ℒ଴൫√2ܽ൯

ଶ௣
≼ 2∑ ௞೗ష೘శమ೛

(ସ௞ల	)೘
ଶ௣ା௟ିଵ
௠ୀଶ௣ ቀ(	(√2	ܽ)∗		)௠ℒ଴൫√2ܽ൯

௠
ቁ 

= 2∑ ቀቀ൫√2	ܽ൯
∗
ቁ
௠

(		௞
೗ష೘శమ೛

(ସ௞ల	)೘
	)
భ
మℒ଴

భ
మቁଶ௣ା௟ିଵ

௠ୀଶ௣ ቀℒ଴
భ
మ(		௞

೗ష೘శమ೛

(ସ௞ల	)೘
	)
భ
మ൫√2ܽ൯

௠
ቁ 

= 2∑ ቀ൫√2ܽ൯
௠

(		௞
೗ష೘శమ೛

(ସ௞ల	)೘
	)
భ
మℒ଴

భ
మቁ

∗
ଶ௣ା௟ିଵ
௠ୀଶ௣ ቀℒ଴

భ
మ(		௞

೗ష೘శమ೛

(ସ௞ల	)೘
	)
భ
మ൫√2ܽ൯

௠
ቁ 

≤ 2∑ ቛℒ଴
భ
మ(		௞

೗ష೘శమ೛

(ସ௞ల	)೘
	)
భ
మ൫√2ܽ൯

௠
ቛ
ଶ

ଶ௣ା௟ିଵ
௠ୀଶ௣ 1ॏ		 	≤ 2ቛℒ଴

భ
మቛ∑ ฮ√2ܽฮ

௠
ቛ௞

೗ష೘శమ೛

(ସ௞ల	)೘
ቛଶ௣ା௟ିଵ

௠ୀଶ௣ 1ॏ		 

≤ 2 ‖ℒ଴‖
‖௞‖೗శభฮ√ଶ௔ฮ

మ೛

‖ସ௞ల‖మ೛షభ൫‖ସ௞ళ‖ିฮ√ଶ௔ฮ൯
1ॏ		 → 0 as p→ ∞ 
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݅݊	which  1ॏ		is the unit element in ॏ and together with 
ܵ௕൫ℓଶ௣ା௟ , ℓଶ௣ା௟ , ℓଶ௣൯ ≤ ܵ௕൫ℓଶ௣ା௟ , ℓଶ௣ା௟ , ℓଶ௣൯ + ܵ௕൫℘ଶ௣ା௟ ,℘ଶ௣ା௟ ,℘ଶ௣൯ and  
ܵ௕൫℘ଶ௣ା௟ ,℘ଶ௣ା௟ ,℘ଶ௣൯ ≤ ܵ௕൫ℓଶ௣ା௟ , ℓଶ௣ା௟ , ℓଶ௣൯ + ܵ௕൫℘ଶ௣ା௟ ,℘ଶ௣ା௟ ,℘ଶ௣൯ implies that {ℓଶ௣} ,{℘ଶ௣} are Cauchy sequence in 
࣡ with respect to 1ॏ		. It follows that {ℓଶ௣ାଵ} ,{℘ଶ௣ାଵ} are Cauchy sequence in ࣡ with respect to 1ॏ		and hence {ℓଶ௣} ,{℘ଶ௣} 
are Cauchy sequence in (࣡,ि, ܵ௕) .Suppose Λ(࣡) is complete subspace of (࣡,ि, ܵ௕) ,then the sequences  {ℓ௣} ,{℘௣} are 
converge to æ	and œ respectively in Λ(࣡) .Thus there exist ℓ,℘ ∈ Λ(࣡) such that  
lim୮→ஶ ℓଶ௣ =limΛ୮→ஶ æଶ௣ାଵ=æ = 	Λℓ   and  lim୮→ஶ℘ଶ௣ =limΛ୮→ஶ œଶ௣ାଵ=œ = 	Λ℘  …… (2.1.4) 
Now we show that Γ(ℓ,℘) = 	æand Γ(	℘, ℓ) = 	œ	Suppose Γ(ℓ,℘) ≠ 	æand Γ(	℘, ℓ) ≠ 	œ by Lemma (5.1.1), we have  

1
2݇

ܵ௕(Γ(ℓ,℘), Γ(ℓ,℘), æ) ≼ lim	 inf
௣→ஶ

ܵ௕൫Γ(ℓ,℘), Γ(ℓ,℘), ℓଶ௣ାଵ൯ 

=lim	 inf௣→ஶ ܵ௕൫Γ(ℓ,℘), Γ(ℓ,℘), Γ(æଶ௣ାଵ, œଶ௣ାଵ)൯ 

≼ lim	 sup
௣→ஶ

1
4݇଺

߮൫ܽ∗ܵ௕൫Λℓ, Λℓ,Θæଶ௣ାଵ൯ܽ + ܽ∗ܵ௕൫Λ	℘, Λ	℘,Θœଶ௣ାଵ൯ܽ൯ 

≼ lim	 sup
௣→ஶ

1
4݇଺

߮൫ܽ∗ܵ௕൫Λℓ,Λℓ, ℓଶ௣൯ܽ + ܽ∗ܵ௕൫Λ	℘,Λ	℘,℘ଶ௣൯ܽ൯ 

≺ lim	 sup௣→ஶ൫ܽ∗ܵ௕൫Λℓ,Λℓ, ℓଶ௣൯ܽ + ܽ∗ܵ௕൫Λ	℘,Λ	℘,℘ଶ௣൯ܽ൯=0ॏ		. 
,we obtain that ܵ௕(Γ(ℓ,℘) , ݁ܿ݊݁ܪ Γ(ℓ,℘), æ)=0ॏ		implies Γ(ℓ,℘) = æand similarly we get ܵ௕(Γ(℘, ℓ),Γ(℘, ℓ), œ)=0ॏ		so 
that Γ(℘, ℓ) = œ . It follows that Γ(ℓ,℘) = æ = Λℓ and Γ(℘, ℓ) = œ = 	Λ	℘ .Since {Γ,Λ} is weakly compatible pair, we 
have Γ(æ, œ) = Λæ	ܽ݊݀	Γ(œ, æ) = Λœ , then we prove that Λæ = æand	Λœ = œ .From Lemma (2.1.1) 
  have ݁ݓ

1
݇ଶ
ܵ௕൫Λæ,Λæ, ℓଶ௣ାଵ൯ ≼ lim	 inf

௣→ஶ
ܵ௕൫Γ(æ, œ), Γ(æ, œ), Γ(æଶ௣ାଵ, œଶ௣ାଵ)൯ 

≼ lim	 sup
௣→ஶ

1
4݇଺

߮൫ܽ∗ܵ௕൫Λæ,Λæ,Θæଶ௣ାଵ൯ܽ + ܽ∗ܵ௕൫Λœ,Λœ,Θœଶ௣ାଵ൯ܽ൯ 

≼ lim	 sup
௣→ஶ

1
4݇ସ

߮൫݇ଶ(ܽ∗ܵ௕൫Λæ,Λæ, ℓଶ௣൯ܽ + ܽ∗ܵ௕൫Λœ,Λœ,℘ଶ௣൯ܽ)൯ 

And from Lemma (5.1,1) and using above inequality, we have  
1

2݇
ܵ௕(Λæ,Λæ, æ) ≼ lim	 inf

௣→ஶ
ܵ௕൫Λæ,Λæ, ℓଶ௣ାଵ൯ 

≼ lim	 sup
௣→ஶ

1
4݇ସ

߮൫݇ଶ(ܽ∗ܵ௕൫Λæ,Λæ, ℓଶ௣൯ܽ + ܽ∗ܵ௕൫Λœ,Λœ,℘ଶ௣൯ܽ)൯ 

≼ lim	 sup
௣→ஶ

1
4݇ସ

߮(2݇ଷ(ܽ∗ܵ௕(Λæ,Λæ, æ)ܽ + ܽ∗ܵ௕(Λœ,Λœ, œ)ܽ)) 

≺
1

2݇
(ܽ∗ܵ௕(Λæ,Λæ, æ)ܽ + ܽ∗ܵ௕(Λœ,Λœ, œ)ܽ) 

And similarly, 
1

2݇
ܵ௕(Λœ,Λœ, œ) ≺

1
2݇

(ܽ∗ܵ௕(Λæ,Λæ, æ)ܽ + ܽ∗ܵ௕(Λœ,Λœ, œ)ܽ) 
ܶℎ݁݁ݎ݋݂݁ݎ	 , 
ܵ௕(Λæ,Λæ, æ) +ܵ௕(Λœ,Λœ, œ) ≺ ൫√2	ܽ൯

∗
(ܵ௕(Λæ,Λæ, æ) +ܵ௕(Λœ,Λœ, œ))	൫√2	ܽ൯. 

 ,follows that ݐܫ
‖ܵ௕(Λæ,Λæ, æ) 	+ ܵ௕(Λœ,Λœ, œ)‖ ≺2‖ܽ‖ଶ‖ܵ௕(Λæ,Λæ, æ) 	+ ܵ௕(Λœ,Λœ, œ)‖ 
ܵ݅݊ܿ݁‖ܽ‖ < ଵ

√ଶ
 , which implies that ‖ܵ௕(Λæ,Λæ, æ) 	+ ܵ௕(Λœ,Λœ, œ)‖ = 0 and  

ℎ݁݊ܿ݁ܵ௕(Λæ,Λæ, æ) = 0ॏ		 ,ܵ௕(Λœ,Λœ, œ) = 0ॏ		imply that Λæ = æ ,Λœ = œ . 
ܶℎݏݑ (æ, œ) is common coupled fixed point of Γ and Λ . Since Γ(࣡ଶ) ⊆ 	Θ(࣡) so there exist ߵ,ी ∈ ࣡ such that Γ 
(æ, œ)=æ = Θ	ߵ and Γ (	œ, æ)=	œ = Θी	 . Now show that  Ω(ߵ,ी)=æ	and Ω(ी,ߵ)=œ .Now from (5.1.1), we have  
0ॏ		 ≼ ܵ௕(æ, æ,Ω(ߵ,ी)) =ܵ௕(Γ	(æ, œ),Γ	(æ, œ),Ω(ߵ,ी)) 	≼ ଵ

ସ௞ల
߮(ܽ∗ܵ௕(Λæ,Λæ,Θߵ)ܽ + ܽ∗ܵ௕(Λœ,Λœ,Θी)ܽ) 

																																		≺ ܽ∗ܵ௕(Λæ,Λæ,Θߵ)ܽ + ܽ∗ܵ௕(Λœ,Λœ,Θी)ܽ=0ॏ			. 
Which implies that Ω(ߵ,ी) = 	æ	and similarly, we get that Ω(ी,ߵ) = 	œ . Since {Ω,Θ} is weakly compatible pair, we have 
Ω (æ, œ)=Θæ and Ω (œ, æ)=Θœ ,then we prove that Θæ = æ and Θœ = œ .Now from (5.1.1), we have  
0ॏ		 ≼ ܵ௕(æ, æ,Θæ) =ܵ௕(Γ	(æ, œ),Γ	(æ, œ),Ω(æ, œ)) 

≼
1

4݇଺
߮(ܽ∗ܵ௕(Λæ,Λæ,Θæ)ܽ + ܽ∗ܵ௕(Λœ,Λœ,Θœ)ܽ) 
< ܽ∗ܵ௕(æ, æ,Θæ)ܽ + ܽ∗ܵ௕(œ, œ,Θœ)ܽ 

 Similarly, 
0ॏ		 ≼ ܵ௕(œ, œ,Θœ) < ܽ∗ܵ௕(æ, æ,Θæ)ܽ + ܽ∗ܵ௕(œ, œ,Θœ)ܽ 

Therefore,  
0ॏ		 ≼ ܵ௕(æ, æ,Θæ) + ܵ௕(œ, œ,Θœ) ≺ ൫√2	ܽ൯

∗
(ܵ௕(æ, æ,Θæ) +ܵ௕(œ, œ,Θœ))	൫√2	ܽ൯. 
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   implies that	ℎ݅ܿℎݓ
0 ≤ ‖ܵ௕(æ, æ,Θæ) 	+ ܵ௕(œ, œ,Θœ)‖ ≺2‖ܽ‖ଶ‖ܵ௕(æ, æ,Θæ) 	+ ܵ௕(œ, œ,Θœ)‖ 
ܵ݅݊ܿ݁‖ܽ‖ < ଵ

√ଶ
 , which implies that ‖ܵ௕(æ, æ,Θæ) 	+ ܵ௕(œ, œ,Θœ)‖ = 0 and  

ℎ݁݊ܿ݁ܵ௕(æ, æ,Θæ) = 0ॏ		 ,ܵ௕(œ, œ,Θœ) = 0ॏ		imply that Θæ = æ ,Θœ = œ .  
,Ω(æ݁ܿ݊݁ܪ œ) = 	Θæ = æ and Ω(œ, æ) = 	Θœ = œ . Thus (æ, œ) is common coupled fixed point of Γ,Ω , Λ	and	Θ . In 
the following we will show the uniqueness of common coupled fixed point in ࣡ . Let us take (æ, œ) ≠(æᇱ,	œᇱ) be another 
fixed point of Γ,Ω , Λ	and	Θ  then , 
0ॏ		 ≼ ܵ௕(æ, æ, æᇱ) =ܵ௕(Γ	(æ, œ),Γ	(æ, œ),Ω(æᇱ, 	œᇱ)) 	≼ ଵ

ସ௞ల
߮(ܽ∗ܵ௕(Λæ,Λæ,Θæᇱ)ܽ + ܽ∗ܵ௕(Λœ,Λœ,Θ	œᇱ)ܽ) 

																																≺ ܽ∗ܵ௕(æ, æ, æᇱ)ܽ + ܽ∗ܵ௕(œ, œ, 	œᇱ)ܽ		ݕ݈ݎ݈ܽ݅݉݅ݏ  , 
0ॏ		 ≼ ܵ௕(œ, œ, 	œᇱ) ≺ ܽ∗ܵ௕(æ, æ, æᇱ)ܽ + ܽ∗ܵ௕(œ, œ, 	œᇱ)ܽ 

Therefore, 
0 ≤ ‖ܵ௕(æ, æ, æᇱ) 	+ ܵ௕(œ, œ, 	œᇱ)‖ ≺2‖ܽ‖ଶ‖ܵ௕(æ, æ, æᇱ) 	+ ܵ௕(œ, œ, 	œᇱ)‖ 
ฮ<1, it is incongruous. Consequently æ	ܽ	ฮ√2	݁ܿ݊݅ݏ = æᇱ and œ = 	œᇱ .Therefore , the UCCFP of Γ,Ω , Λ	and	Θ is (æ, œ) 
. In order to prove that  Γ,Ω , Λ	and	Θ have a unique fixed point, we only have to prove  æ = 	œ ,we have  
0ॏ		 ≼ ܵ௕(æ, æ, œ) =ܵ௕(Γ	(æ, œ), Γ	(æ, œ),Ω(œ, æ)) 	≼ ଵ

ସ௞ల
߮(ܽ∗ܵ௕(Λæ,Λæ,Θœ)ܽ + ܽ∗ܵ௕(Λœ,Λœ,Θæ)ܽ) 

																																≺ ܽ∗ܵ௕(æ, æ, œ)ܽ + ܽ∗ܵ௕(œ, œ, æ)ܽ ………. (2.1.5) 
Therefore, from definition of 1.3.2, we get that 0≤ ‖ܵ௕(æ, æ, œ)‖ ≤2‖ܽ‖ଶ‖ܵ௕(æ, æ, œ) +
ܵ௕(æ, æ, œ)‖<‖ܵ௕(æ, æ, œ)‖	This is incongruous. Consequently, æ = œ ,which means that Γ,Ω , Λ	and	Θ have a unique 
fixed point of the form (æ, æ) in ࣡	. 
Theorem 2.1.3: Let (࣡,ि, ܵ௕) be a complete ܥ∗-AV-ܵ௕ܵܯ , Suppose Γ ∶ ࣡ଶ → 	࣡ and Λ:	࣡ → 	࣡ be two mappings with the 
following assumptions; 
(i)Γ(࣡ଶ) ⊆ 	Λ(	࣡) And Λ(	࣡) is a closed sub space of ࣡	; 
(݅݅)ܵ௕(Γ(ℓ,ߵ), Γ(ℓ,ߵ),Ω(æ, œ)) ≼ ଵ

ସ௞ల
߮(ܽ∗ܵ௕(Λℓ, Λℓ,Λæ)ܽ + ܽ∗ܵ௕(Λߵ, Λߵ,Λœ)ܽ)ݓℎ݁݁ݎ	߮ ∈ ु and a∈ ि in which 

ฮ√2ܽฮ<1. 
(݅݅݅)  { Γ	,Λ	} is ߱-compatible pairs. 
ܶℎ݁݊	Γ	and		Λ  have a unique common coupled fixed point in ࣡ . 
The proof follows from Theorem (2.1.2) by taking Γ : 	݂݋݋ݎܲ = 	Ω and Λ = 	Θ . 
,Let (࣡,ि  .2.1.4 ࢟࢘ࢇ࢒࢒࢕࢘࢕࡯ ܵ௕) be a complete ܥ∗-AV-ܵ௕ܵܯ  , Γ ∶ ࣡ଶ → 	࣡ is satisfying ܵ௕(Γ(ℓ,ߵ), Γ(ℓ,ߵ), Γ(æ, œ)) ≼
ଵ
ସ௞ల

߮(ܽ∗ܵ௕(ℓ, ℓ, æ)ܽ + ܽ∗ܵ௕(ߵ, ,ߵ œ)ܽ)ݓℎ݁݁ݎ	߮ ∈ ु and a∈ ि in which ฮ√2ܽฮ<1. Then Γ has a unique coupled fixed 
point in ࣡ . 
The proof follows from Theorem (2.1.2) by taking Γ : 	݂݋݋ݎܲ = 	Ω and Λ = 	Θ=࣡ܫ  . 
࣡ Let .2.1	ࢋ࢒࢖࢓ࢇ࢞ࡱ =[0,1] and ि=ܯଶ(ℝ) be a all 2x2 matrices whose norm is ‖ि‖=max {ܽଵ,ܽଶ,ܽଷ,ܽସ } where ܽ௜ᇱs are 
the entries of ि .Then ,clearly (࣡,ि, ܵ௕) be a complete ܥ∗-AV-ܵ௕ܵܯ with k=4 whenever ܵ௕:࣡ଷ → ,ݍ,݌)ଶ(ℝ) be as ܵ௕ܯ  =(ݎ
ݍ|)) + ݎ − |݌2 + ݍ| − ,	ଶ(|ݎ 0). Let ߮:िା → िା defined by ߮(ℵ)=ℵ

଼
  ,and a∈ ि with ‖ܽ‖< ଵ

√ଶ
<1. we define mappings Γ,Ω 

:࣡ଶ → 	࣡ ,Λ	,Θ	:࣡ → 	࣡ as follows Γ(æ, œ)=æమାœమ

ସల
 , Ω(æ, œ)=æమାœమ

ସళ
  ,Λ(æ)=æమ

૝
and Θ(æ)=æమ

૚૟
 . Then clearly,Γ(࣡ଶ) ⊆ 	Θ(	࣡) 

and Ω(࣡ଶ) ⊆ 	Λ(	࣡). One can show that (æ, œ) is a coupled coincident point of Γ,Ω , Λ	and	Θ if and only if æ = 	œ=0. 
Since Γ(Λ0,Λ0)= Λ(Γ(0, 0)) and Ω(Θ0,Θ0)= Θ(Ω(0, 0)) ,we get that  
 
{ Γ,Λ} and { Ω,Θ} are ߱-compatible pairs. Now from inequality (2.1.1), we have  

ܵ௕(Γ(ℓ,ߵ), Γ(ℓ,ߵ),Ω(æ, œ))=ቆ൬
|Γ(ℓ,ߵ) + Ω(æ, œ) − 2Γ(ℓ,ߵ)|

+|Γ(ℓ,ߵ) − Ω(æ, œ)|) ൰
ଶ
		0ቇ 

                                                       =൮ቌ
ቚæ

మାœమ

ସళ
− ℓమାతమ

ସల
ቚ

+ ቚℓ
మାతమ

ସల
− æమାœమ

ସళ
ቚ
ቍ

ଶ

		0൲ 

                                                        =൬4 ቀቚℓ
మାతమ

ସల
− æమାœమ

ସళ
ቚቁ
ଶ
		0൰ 

                                                        =൬4 ቀቚସℓ
మିæమାସతమିœమ

ସళ
ቚቁ
ଶ
		0൰ 

                                                        =4 ଵ
(ସఱ)మ

൬ቚସℓ
మିæమାସతమିœమ

ଵ଺
ቚ
ଶ

, 0൰ 

																																																									≼ 4 ଵ
(ସఱ)మ

൬2 ቚସℓ
మିæమ

ଵ଺
ቚ
ଶ

+ 2 ቚସత
మିœమ

ଵ଺
ቚ
ଶ
	 ,0൰ 
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≼
1

4(4଺)
1
8

⎝

⎜⎜
⎛

൬
1
√2

, 0൰൭2 ቤ
4ℓଶ − æଶ

16
ቤ
ଶ

		0൱൬
1
√2

, 0൰

+ ൬
1
√2

, 0൰൭2 ቤ
ଶߵ4 − œଶ

16
ቤ
ଶ

		0൱൬
1
√2

, 0൰
⎠

⎟⎟
⎞

 

≼
1

4݇଺
߮(ܽ∗ܵ௕(Λℓ,Λℓ,Λæ)ܽ + ܽ∗ܵ௕(Λߵ,Λߵ,Λœ)ܽ) 

a=቎ ݁ݎℎ݁ݓ
ଵ
√ଶ

0

0 ଵ
√ଶ

቏ with ‖ܽ‖ = ଵ
√ଶ

<1. Thus, all conditions of Theorem 2.1.2 are satisfied and therefore Γ,Ω , Λ	and	Θ have a 

unique common fixed point (namely (æ, æ) = (0,0) ) in ࣡ . 
 

2.2. APPLICATION TO INTEGRAL EQUATIONS 
 .an application to corollary 2.1.4. we examine the existence of a singular solution to an integral equation in this section	ݏܣ
  ૛.૛.૚: Consider the integral equation࢓ࢋ࢘࢕ࢋࢎࢀ
ℓ(ݐ) =∫ (ख़	(t, s, ℓ(ݏ)) + ग़	(t, s, ℓ(ݏ)))݀ݏఌ ∀ t∈  (2.1.6) .………………………  ߝ	
  Suppose that . ∞>(ߝ) is a Lebesgue measurable set and mߝ	݁ݎℎ݁ݓ
(݅଴)ख़, ग़ :ߝ × ߝ × ℝ → 	ℝ  are integrable, 
(݅ଵ) there exists a continuous function ߶ :ߝ × ߝ → 	ℝ and ߠ ∈ (0,1) such that ݅, ݆ ∈ (݆)ߵ, (݅)and ℓ ߝ	 ∈ ℝ  , 

หख़൫i, j, ℓ(݆)൯ − ख़൫i, j,ߵ(݆)൯ห ≤ ఏ
భ
೛

ସ௞య
|߶(݅, ݆)||ℓ(݆) − ,ग़൫i	and  ห   |(݆)ߵ j, ℓ(݆)൯ − 	ग़൫i, j,ߵ(݆)൯ห ≤ ఏ

భ
೛

ସ௞య
|߶(݅, ݆)||ℓ(݆) −  |(݆)ߵ

(݅ଶ)݌ݑݏ௜∈	ఌ ∫ |߶(݅, ݆)|	ఌ ݆݀ ≤ 1then the integral equation has a unique solution in ܮஶ(	ߝ) . 
Proof:  Let ߝ = [0,1] and ࣡ =  The set of. (ߝ	)ଶܮ=and ℋ ߝ be the set of essential bounded measurable function on (ߝ	)ஶܮ
bounded linear operators on Hilbert space ℋ denoted by L (ℋ) . we equip ࣡ with ܵ௕ ∶ 	࣡ × 	࣡ × ࣡ → 	L	(ℋ) ,which is 
ascertained by ܵ௕(æ,ी	, œ) =  ೛ is the multiplication operator on ℋ ascertained by(|æିœ|ା|ीିœ|)ܯ ೛ ,where(|æିœ|ା|ीିœ|)ܯ
(∝)௛ܯ = ℎ ∝ ,∝∈ ℋ .Therefore , (࣡, L	(ℋ), ܵ௕) is a complete ܥ∗-AV-ܵ௕ܵܯ with k=2ଶ(௣ିଵ) where p=2>1 .Define the 
mappings  ߰:ॏା ⟶ॏାby ߰(ܽ) = ௔

ଶ
,߶(ܽ) = ଶ௔

ଷ
 and Γ:࣡ଶ ⟶ ࣡ as for all ݐ ∈ (ݐ)Γ(ℓ,ϰ) .ߝ = ∫ (ख़	(t, s, ℓ(ݏ)) +ఌ

ग़	(t, s, ℓ(ݏ)))݀ݏ ݐ∀ ∈ ,haveܵ௕(Γ(ℓ,ϰ),Γ(ℓ,ϰ)	we	ߝ Γ(æ, œ)) =ܯ(ଶ|୻(ℓ,			஭)ି୻(æ,œ)|)೛ 
Let us first evaluate the following expression:  

2௣|Γ(ℓ,ϰ) − Γ(æ, œ)(ݐ)|௣ 
=2௣ ቚ∫ (ख़	(t, s, ℓ(ݏ)) + ग़	(t, s,ϰ(ݏ)))݀ݏఌ −	∫ (ख़	(t, s, æ(ݏ)) + ग़	(t, s, œ(ݏ)))݀ݏఌ ቚ

௣
 

=2௣ ቚ∫ ൫ख़൫t, s, ℓ(ݏ)൯ − ख़	(t, s, æ(ݏ))൯݀ݏఌ + 	∫ ൫ग़൫t, s,ϰ(ݏ)൯ − ग़	(t, s, œ(ݏ))൯݀ݏఌ ቚ
௣
 

≼ 2௣2௣ିଵ ቌන
ߠ
భ
೛

4݇ଷ
,ݐ)߶| |(ݏ

ఌ
ቍݏ݀

௣

(|ℓ(ݏ) − æ(ݏ)|௣ + |ϰ(ݏ) − œ(ݏ)|௣) 

≼ ఏ
ଶ(ଶ௞య)೛

ቀ݌ݑݏ௜∈	ఌ ∫ ,ݐ)߶| ఌ|(ݏ ቁݏ݀
௣
[(2‖ℓ(ݏ) − æ(ݏ)‖ஶ) + (2‖ϰ(ݏ) − œ(ݏ)‖ஶ))௣] 

≼ ఏ
ଶ(ଶ௞య)೛

[(2‖ℓ(ݏ) − æ(ݏ)‖ஶ) + (2‖ϰ(ݏ) − œ(ݏ)‖ஶ))௣] 
Therefore,  
 
‖ܵ௕(Γ(ℓ,ϰ), Γ(ℓ,ϰ), Γ(æ, œ))‖ =݌ݑݏ‖௛‖ୀଵ < 	௛			೛௛,(|஭)ି୻(æ,œ)			ଶ|୻(ℓ,)ܯ > 

	= ௛‖ୀଵ‖݌ݑݏ < 2௣ܯ(|୻(ℓ,			஭)ି୻(æ,œ)|)೛௛,			௛	 > 

௛‖ୀଵ‖݌ݑݏ= ∫ (2௣|Γ(ℓ,			ϰ)(ݐ) − Γ(æ, œ)(ݐ)|௣)ఌ ℎ(ݐ)ℎ(ݐ)തതതതതത dt 

≤ ௛‖ୀଵ‖݌ݑݏ ∫ |ℎ(ݐ)|ଶ݀ݐఌ
ఏ

ଶ(ଶ௞య)೛
[(2‖ℓ(ݏ) − æ(ݏ)‖ஶ) + (2‖ϰ(ݏ) − œ(ݏ)‖ஶ))௣] 

≤	 ఏ
ଶ(ଶ௞య)೛

 [ ‖ܵ௕(ℓ, ℓ, æ)‖ + ‖ܵ௕(ϰ,ϰ, œ)‖] 

≤ ฯ
1

4݇଺
߮ ቀܽ∗ܵ௕(ℓ, ℓ, æ)ܽ + ܽ∗ܵ௕ ቀ

,ߵ ,ߵ œቁ ܽቁฯ 
 
∋(ℋ) ,then a	1୐ߠ√=setting a ݕܤ 	L	(ℋ) and ‖ܽ‖ = >ߠ√ ଵ

√ଶ
 .Hence , applying our Corollary 2.1.4, we get desired result. 

૛.૜  APPLICATION TO HOMOTOPY 
This	 section explores the possibility of a unique solution to the Homotopy Hypothesis  
,If(࣡,ि	૛.૜.૚:ܕ܍ܚܗ܍ܐ܂ ܵ௕) be a complete ܥ∗-AV-ܵ௕ܵܯ ,then ॏ and ॏഥ are open and closed subsets of ࣡ ,respectively , 
such that ॏ ⊆ ॏഥ .Let े௕:ॏഥଶ × [0,1] 	⟶ ࣡ be an homotopy operator meeting the requirements listed below. 
(߬଴)ℓ ≠ े௕(ℓ,ߵ, ߵand , (ݏ ≠ े௕(ℓ,ߵ, ߵ,for each ℓ(ݏ ∈ ߲ॏ and s∈ [0,1] (here ߲ॏ is boundary of ॏ in ࣡)  
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(߬ଵ) there exist ℓ,ߵ, æ, œ ∈ ॏഥ  and a∈ ि with ฮ√2ܽฮ < 1 such that  4݇ܵ௕(े௕(ℓ,ߵ, ,ߵ,௕(ℓे,(ݏ ,௕(æे,(ݏ œ, ((ݏ 	≼
ܽ∗ܵ௕(ℓ, ℓ, æ)ܽ + ܽ∗ܵ௕(ߵ,ߵ, œ)ܽ	(߬ଶ)∃	ܯ௕ 	≽ 0ॏsuch that ܵ௕(े௕(ℓ,ߵ, ,ߵ,௕(ℓे,(ݏ ,ߵ,௕(ℓे,(ݏ ≥((ݐ ݏ|‖௕ܯ‖ −  for every |ݐ
ℓ,ߵ ∈ ॏഥ and s, t	∈ [0,1] ;	ܶℎ݁݊	े௕(, , ∋	has a coupled fixed point for some s(ݏ [0,1] ⟺ े௕(, ,  has a coupled fixed point (ݐ
for some t	∈ [0,1] . 
Proof:  From (߬ଶ) it follows that े௕ is continuous in the second variable. From (߬ଵ) it follows that े௕ is continuous in the 
first variable. We have that  

ܵ௕൫े௕(ℓ,ߵ, ,ߵ,௕(ℓे,(ݏ ,࢖ߵ,௕(ℓ௣े,(ݏ ൯(ݏ 	≼ 4݇ܵ௕൫े௕(ℓ,ߵ, ,ߵ,௕(ℓे,(ݏ ,࢖ߵ,௕(ℓ௣े,(ݏ  ൯(ݏ
																																																																						≼ ܽ∗ܵ௕൫ℓ, ℓ, ℓ௣൯ܽ + ܽ∗ܵ௕൫࢖ߵ,ߵ,ߵ൯ܽ ⟶ 0ि as ݌ ⟶ ∞  .  
If ℓ௣ ⟶ 	ℓ and ࢖ߵ ⟶ ,ߵ,then ܵ௕൫े௕(ℓ, ߵ ,ߵ,௕(ℓे,(ݏ ,࢖ߵ,௕(ℓ௣े,(ݏ ൯(ݏ ⟶ 0ि as ݌ ⟶ ∞. 
Therefore,ܵ௕(े௕(ℓ,ߵ, ,ߵ,௕(ℓे,(ݏ ,ߵ,௕(ℓे,(ݏ ,ߵ)0ि and also we have ܵ௕(े௕= ((ݏ ℓ, ,ߵ)௕े,(ݏ ℓ, ,ߵ)௕े,(ݏ ℓ,  0ि= ((ݏ
Now  

ܵ௕(े௕(ℓ,ߵ, ,ߵ,௕(ℓे,(ݏ ,௕(æे,(ݏ œ, ((ݐ 	≼ 2݇ܵ௕(े௕(ℓ,ߵ, ,ߵ,௕(ℓे,(ݏ ,௕(æे,(ݏ œ,  ((ݏ
+݇ܵ௕(े௕(æ, œ, ,௕(æे,(ݐ œ, ,௕(æे,(ݐ œ,  ((ݏ

≼ 2݇ܵ௕൫े௕(ℓ,ߵ, ,ߵ,௕(ℓे,(ݏ ,௕(æे,(ݏ œ, ൯(ݏ + ݏ|‖௕ܯ‖݇ −  |ݐ
≼ 2݇ܽ∗ܵ௕(ℓ, ℓ, æ)ܽ + ܽ∗ܵ௕(ߵ,ߵ, œ)ܽ +݇‖ܯ௕‖|ݏ − |ݐ ⟶ 0ि as (ℓ,ߵ, (ݏ ⟶ (æ, œ,  . (ݐ
Hence े௕ is a continuous function on ॏഥଶ × [0,1] . Also  

ܵ௕(े(ℓ,ߵ, ,ߵ,௕(ℓे,(ݏ ,௕(æे,(ݏ œ, ((ݏ ≼ 	4݇ܵ௕(े௕(ℓ,ߵ, ,ߵ,௕(ℓे,(ݏ ,௕(æे,(ݏ œ,  ((ݏ
≼ ܽ∗ܵ௕(ℓ, ℓ, æ)ܽ + ܽ∗ܵ௕(ߵ,ߵ, œ)ܽ if ℓ ≠ æ ,ߵ ≠ œ 

ቆ ܵ௕൫े௕
(ℓ,ߵ, ,ߵ,௕(ℓे,(ݏ ,௕(æे,(ݏ œ, ൯(ݏ

+ܵ௕(े௕(ߵ, ℓ, ,ߵ)௕े,(ݏ ℓ, ,௕(œे,(ݏ æ, ((ݏ
ቇ ≺ 	 ൫√2	ܽ൯

∗
(ܵ௕(ℓ, ℓ, æ) +ܵ௕(ߵ,ߵ, œ))	൫√2	ܽ൯.  

Now consider the set  
ी = {s∈ [0	,1] : ℓ = े௕(ℓ,ߵ, ߵ , (ݏ = े௕(ߵ, ℓ, ߵ,for some ℓ (ݏ ∈ 	ॏ } . Suppose s is a limit point of ी .Then there exists a 
௣ݏ in ी such that {௣ݏ} ⟶ ,Then there exists a sequence {ℓ௣}. ݏ {௣ݏ} ∈ ࣡ such that ℓ௣ = े௕൫ℓ௣,ߵ௣, ௣ߵ ௣൯ andݏ =
े௕൫ߵ௣, ℓ௣, ,௣൯ .Now we show that {ℓ௣}ݏ ߳	 are ܵ௕-Cauchy sequences with respect ि . So there exists {௣ݏ} ≻ 0ि and 
monotonically increasing sequences of natural numbers {ݍ௭} and {݌௭} such that ݌௭ >  . ௭ݍ
ܵ௕൫ℓ௤೥ , ℓ௤೥ , ℓ௣೥൯ ≽ ߳		ܵ௕൫ߵ௤೥ ௤೥ߵ, ௣೥൯ߵ, ≽ ߳   ……… (2.1.7) ܽ݊݀	 
ܵ௕൫ℓ௤೥ , ℓ௤೥ , ℓ௣೥షభ൯ ≺ 	߳   ,ܵ௕൫ߵ௤೥ ௤೥ߵ, ௣೥షభ൯ߵ, ≺ 	߳ …… (2.1.8) 
߳    rom (2.1.7) and (2.1.8), we haveܨ ≼ ܵ௕൫ℓ௤೥ , ℓ௤೥ , ℓ௣೥൯ 
																																																														≼ 	2kܵ௕൫ℓ௤೥ , ℓ௤೥ , ℓ௤೥శభ൯+ kܵ௕൫ℓ௤೥శభ , ℓ௤೥శభ , ℓ௣೥൯ 
Letting z⟶ ∞ we have that  ఢ

୩
≼ lim୸⟶∞ ܵ௕൫ℓ௤೥శభ , ℓ௤೥శభ , ℓ௣೥൯     ……. (2.1.9) 

ݏ|݁ݏ݋݌݌ݑܵ − ଴|<߳ and ℓݏ ∈ ܵ௕(	ℓ଴,ߜ)തതതതതതതതതതതത  ,  ℓ ≠ 	ℓ଴ , ߵ ∈ ܵ௕(	ߵ଴,ߜ)തതതതതതതതതതതത  ,ߵ ≠   ଴ thenߵ	
4݇ܵ௕(े௕(ℓ,ߵ, ,ߵ,଴),े௕(ℓݏ ,ℓ଴	଴),े௕(ݏ ,଴ߵ	 ((଴ݏ ≼ ܽ∗ܵ௕(ℓ, ℓ, 	ℓ଴)ܽ + ܽ∗ܵ௕(ߵ,ߵ,  ܽ(଴ߵ	

ܶℎ݁݁ݎ݋݂݁ݎ	 , 

ቆ
‖ܵ௕(े௕(ℓ,ߵ, ,ߵ,଴),े௕(ℓݏ ,ℓ଴	଴),े௕(ݏ ,଴ߵ	 ‖((଴ݏ

+ฮܵ௕൫े௕(ߵ, ℓ, ,ߵ)଴),े௕ݏ ℓ, ,଴ߵ	)଴),े௕ݏ ℓ଴, √଴)൯ฮቇ<ฮݏ
ଶ௔ฮ

మ

‖ସ௞‖
൬
‖ܵ௕(ℓ, ℓ, 	ℓ଴)‖

+‖ܵ௕(ߵ,ߵ,  ଴)‖൰ߵ	

< ఋ
			ଶ‖௞‖

,ߵ,௕(े௕(ℓܵ	ݐݑܤ	 ,ߵ,௕(ℓे,(ݏ ,(ݏ ,ℓ଴	௕(ݒ ,଴ߵ	 ((଴ݏ ≼
2݇ܵ௕(े௕(ℓ,ߵ, ,ߵ,௕(ℓे,(ݏ ,ߵ,௕(ℓे,(ݏ ,ℓ଴	଴))+݇ܵ௕(े(ݏ ,଴ߵ	 ,ℓ଴	଴),े௕(ݏ ,଴ߵ	 ,ߵ,଴),े௕(ℓݏ ((଴ݏ ≼ ݏ|‖௕ܯ‖2݇ −  |଴ݏ
+݇ܵ௕(े௕(	ℓ଴, ,଴ߵ	 ,ℓ଴	଴),े௕(ݏ ,଴ߵ	 ,ߵ,଴),े௕(ℓݏ  ((଴ݏ
Therefore  

‖ܵ௕(े௕(ℓ,ߵ, ,ߵ,௕(ℓे,(ݏ ,ℓ଴	௕(े,(ݏ ,଴ߵ	 ‖((଴ݏ ≤ ݏ|‖௕ܯ‖‖݇‖2 − ‖݇‖+|଴ݏ ఋ
‖ଶ௞‖

߳	‖௕ܯ‖‖݇‖2> + ఋ
ଶ
‖௕ܯ‖‖݇‖2>		

ఋ
ସ‖௞‖‖ெ್‖

+ఋ
ଶ
 ߜ=

Hence   
‖ܵ௕(े௕(ℓ,ߵ, ,ߵ,௕(ℓे,(ݏ ,(ݏ 	ℓ଴)‖ ≤ ‖ܵ௕(े௕(ℓ,ߵ, ,ߵ,௕(ℓे,(ݏ ,ℓ଴	௕(े,(ݏ ,଴ߵ	 ‖((଴ݏ ≤  ߜ

Therefore, े௕(ℓ,ߵ, (ݏ ∈ ܵ௕(	ℓ଴,ߜ)തതതതതതതതതതതത  and similarly, we prove that े௕(ߵ, ℓ, (ݏ ∈ ܵ௕(	ߵ଴,ߜ)തതതതതതതതതതതത . 
Thus, for any s, with  |ݏ − |଴ݏ < 	߳ and s∈ [0,1] , it follows that  Γ ∶ 	 ܵ௕(	ℓ଴,ߜ)തതതതതതതതതതതത × ܵ௕(	ℓ଴,ߜ)തതതതതതതതതതതത 
⟶ ܵ௕(	ℓ଴,ߜ)തതതതതതതതതതതത defined by  Γ(ℓ,ߵ) = े௕(ℓ,ߵ,  satisfies all the hypothesis of the theorem (5.1.6). Hence Γ has a coupled (ݏ
fixed point. i.e.  Γ(ℓ,ߵ) = 	ℓ for some ℓ ∈ ܵ௕(	ℓ଴,ߜ)തതതതതതതതതതതത ⊆ 	ॏ 
Γ(ߵ, ℓ) = ߵ	 for some ߵ	 ∈ ܵ௕(	ߵ଴, തതതതതതതതതതതത(ߜ ⊆ 	ॏ therefore, Γ(ℓ,ߵ) = े௕(ℓ,ߵ, ,ߵ)ℓ and Γ=(ݏ ℓ) = े௕(ߵ, ℓ, ∋and hence sߵ=(ݏ ी 
.Thus |ݏ − |଴ݏ < 	߳ ⇒ s∈ ी . But  lim௭⟶ஶ 	4kܵ௕൫ℓ௤೥శభ , ℓ௤೥శభ , ℓ௣೥൯=  

lim
௭⟶ஶ

	4kܵ௕ ቀे௕൫ℓ௤೥శభ ௤೥శభߵ, , ௤೥శభ൯,े௕൫ℓ௤೥శభݏ ௤೥శభߵ, , ௤೥శభ൯,े௕൫ℓ௣೥ݏ ௣೥ߵ, ,  ௣೥൯ቁݏ
≼ lim

௭⟶ஶ
൫ܽ∗ܵ௕൫ℓ௤೥శభ , ℓ௤೥శభ , ℓ௣೥൯ܽ + ܽ∗ܵ௕൫ߵ௤೥శభ ௤೥శభߵ,  ௣೥൯ܽ൯ߵ,

It follows that  
lim
௭⟶ஶ

ቀ4‖݇‖ − ฮ√2ܽฮ
ଶ
ቁ ൫ฮܵ௕൫ℓ௤೥శభ , ℓ௤೥శభ , ℓ௣೥൯ฮ + ฮܵ௕൫ߵ௤೥శభ ௤೥శభߵ, ௣೥൯ฮ൯ߵ, ≤ 0 

Thus lim௭⟶ஶ ܵ௕൫ℓ௤೥శభ , ℓ௤೥శభ , ℓ௣೥൯ = 0ि and lim௭⟶ஶ ܵ௕൫ߵ௤೥శభ ௤೥శభߵ, ௣೥൯ߵ, = 0ि. Hence from (2.1.9), 
We have that ߳ ≼ 0ि which is a contradiction. Hence {ℓ௣}	ܽ݊݀	{ݏ௣} are ܥ∗-AV-ܵ௕-CS in   
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,AV-ܵ௕-MS (࣡,ि-∗ܥ ܵ௕) and by the completeness of (࣡,ि, ܵ௕) , there exist æ, œ ∈ ॏ with lim௣⟶ஶ ℓ௣=æ 
and	lim௣⟶ஶ ௣ݏ ௣=œ . Supposeߵ ⟶ ,௣ߵ,then (ℓ௣, ݏ (௣ݏ 	⟶ (	æ, œ,  Since े௕ is continuous so that .(ݏ
े௕ (ℓ௣,ߵ௣, (௣ݏ ⟶ े௕(	æ, œ, ,௣ߵ) and as well as े௕ (ݏ ℓ௣, (௣ݏ ⟶ े௕(œ, æ,   But .(ݏ
े௕ (ℓ௣,ߵ௣, (௣ݏ ⟶	ℓ௣ ⟶ 	æ and े௕ (ߵ௣, ℓ௣, (௣ݏ ௣ߵ	⟶ ⟶ œ . Therefore, we have 
े௕ (ℓ௣,ߵ௣, (௣ݏ = 	æ and  े௕ (ߵ௣, ℓ௣, (௣ݏ = 	œ .Hence ी is closed. 
Now we show that ी is open. Let ी be ݏ଴ .Then 	ℓ଴, ℓ଴	 ଴ in ॏ such thatߵ	 = े௕ (	ℓ଴, ,଴ߵ	 ଴ߵ	 ଴)  andݏ = े௕ (	ߵ଴, ℓ଴,  (଴ݏ
.Because ॏ is open ,ߜ > 0 must exist for ܵ௕(ℓ, ℓ, 	ℓ଴) ≼ ,ߵ,ߵ)and ܵ௕ߜ (଴ߵ	 ≼ ߵ,implies that ℓߜ ∈ ॏ .Choose ߳ such that 

0<߳ < ఋ
ସ‖௞‖‖ெ್‖

 ,Then ݏ଴ is an interior point of ी .Hence ी is open . Consequently ी is both closed and open. Therefore, 

either ी=∅ or ी = [0,1] .Now Suppose े௕(. ; ∋	has a coupled fixed point for some s (ݏ [0,1] ,then	ी ≠ ी	ݐℎܽݐ	݋ݏ	∅ =
[0,1].ܶℎ݁݁ݎ݋݂݁ݎ		े௕(. ; ∋	has a coupled  fixed point for all t (ݐ [0,1] . A similar procedure can be used to demonstrate the 
opposite. 

3. CONCLUSION 
This paper presents certain applications of -generalized contractive type - coupled fixed point theorems within the 
framework of complete -algebra valued -metric spaces, specifically focusing on homotopy theory and integral equations. 
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