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Abstract: In this paper, we establish unique common coupled fixed-point findings for two pairs of w-compatible mappings
in C*-algebra-valued S,,- metric spaces that meet -generalized contractive conditions. Also, we provide an example to
back up the findings we were able to get. Additionally, the study offers an application to demonstrate homotopy and the
existence and uniqueness of a solution for a non-linear integral problem.
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INTRODUCTION

Polish mathematician Stephen Banach developed the most notable fixed- point theorem in 1992, It is often referred to as
the Banach contraction principle and is used extensively in a variety of mathematical contexts. The study of fixed- point
theory in metric spaces is thought to have led to the discovery of the Banach contraction principle. Different
generalizations of metric spaces were introduced by a number of mathematicians worldwide. The concept of C*-algebra-
valued metric spaces was rst introduced by Ma et al. in 2014. They presented the notion of C*-algebra-valued b-metric
spaces in 2015 and looked at a few results. In order to find similar principles, Razavi and Masiha also explored C*-algebra-
valued b-metric spaces [1].Combining the ideas of S and b-metric spaces, Sedghi et al. [2] established S,-metric spaces and
proved common fixed-point results in these spaces. Several authors have produced a wealth of results on S,-metric spaces
(e.g.,[3],[4]) principles) in an e ort to improve. Razavi et al. introduced the concept of C*-algebra-valued S,-metric space
[11] in 2023, drawing inspiration from the work of Souayah and Mlaiki in [3]. They also established some common xed
point results in this space [12]. Guo and Lakshmikantham [13] introduced the concept of coupled fixed point for the first
time in 1987. Later, Bhaskar and Lakshmikantham constructed a novel xed point theorem for a mixed monotone mapping
in a metric space driven with partial ordering by using a weak contractivity type assumption. The concept of weak
compatibility was first presented by Jungck and Rhoades in 1998. They showed that while compatible mappings are weakly
compatible, the opposite is not true. For more study findings on coupled fixed point outcomes, see ([14]-[15]) and
associated references.
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This work presents coupled fixed point results for two pairs of w-compatible mappings that meetg-generalized
contractive requirements in C*-algebra-valued S,-metric spaces. We can also provide appropriate and relevant examples
for both integral equations and homotopy. First, we recall some basic results.

1. PRELIMINARIES
This section provides a short introduction to some realities about the theory of C*-algebras. First, suppose that U is a
unital C*-algebra with the unit 1, .Set U, ={s€ U; s=s* } .The element s€ U is said to be positive ,and we write s> Oy if
and only if s=s* and o(s) C [0, «), in which Oy in U is the zero element and spectrum of s is o(s) .On U, ,we can find a
natural partial ordering given by £ < ¢ if and only if ¢ —¢ > 0y .we denote with U, = {s€ U; s> 0y} and U'={se
U;st=tsvt € U}
Definition 1.1 ([11]): Let G be a non-empty set and k €2’ with
|lx|| = I. Suppose that a mapping S,: G 3 —2 be a function satisfying the following properties
(Sp,) Sp (0, B, ¥) Z0yforall a, B, v €G,
(Sp,):Sp (@ B Y)=00a=B=1,
(Sb3): Sp (o B, y) S x(Sp (o, 0, 0) + S, (B, B, 0) +Sp (v, v, 0)) forall o, B, v, 6 €G.

Then the function S is called a C * -algebra valued S,-metric on G and the pair (G,%, S;) is called a C * -algebra valued
S,-metric space (C * -AV-S, MS) with a co-efficient «.

Example 1.1. Let G=R and 2« =M2(R) be all 2x2 matrices with the usual operations of addition, scalar multiplication, and

matrix multiplication. It is clear that ||P|| = f Ej=1|Piyj|2defines anorm on, where P = (p;;) €Y. *: A —A defines an
involution on A and where 2 = =2 Then, A is a C * -algebra. For P = (p;;) and Q = (q;;) in¥, a partial order on A can be
given as follows: P < Q &=p;;—q;; <0 Vi, j=1, 2. Let (G, d) be a b-metric space where, ||«|| = | and Sb : G 3 — M2(R),
d(p, @) +d(q, r) +d(r, p) 0

0 d(p, g) +d(g, r) +d(r, p)
Definition 1.2.([11]): ACx-AV-S,MS is symmetric if S, (a,8,y) =S, (a,v,B)=S, (B.v, @) =S, (B,.a,y) =S, (y,a,B) =
Sp (v, B, @)V o, ByeG
Definition 1.3. ([11]) : Let (G2, S,,) be a C * -AV-Sb-MS and {X,,} be a sequence in G:
(1) Ifforall p € N, [ISp (Xp+p: Xntp» Xn)l| — 0, where n — «, then {X,} is a Cauchy sequence in G.
(2) If ISy (X5, Xy 20]] — 0, where n — «, then {X,,} converges to y, and we present it with lim, _, . X, = .
(3) If every Cauchy sequence is convergent in G, then (G, S;) is a complete C * -AV-Sh-MS.
Definition 1.4. ([11]): Suppose that (G, U;,Sp, ) and (G, A,S;,) are C = -AV-S, MS, and let I": (G;, U1,S,,) — (G2,
,,Sp,) be a function. Then, ' is continuous at a point y €G; if, for every sequence, {X,,} in G, S, (X5, Xn, ) =0y, (N — )
implies S (I'(Xy), T'(Xy), Y())—0y ,where n — <A function I is continuous at G, if and only if it is continuous at all  €G;

fulfilling Sb(p, q, r) = Then, clearly (G,¥, Sb) isa C * -AV-S,, —MS.

Lemma 1.5. Suppose that 2 is a unital C * -algebra with a unit 1y (@)
If {xp n=1°SWand lim,, ., . x, =04, then for any x €, lim, , » X * Xn X=0q . (2)
Ify, &€ €eWpand s €A’ then y < & yields sy <& in which ', = A, N A", (3)
If x €A, with ||x]| <§then 1y— yisinvertible, and ||y (Lgq— %) -1 < 1. (4)

If x, & €A, such that y& = &y, then y& >0y .
2. MAIN RESULTS
Definition 2.1: Let (G, U, S,) be a C*AV S, MS with co-efficient|| k|| > 1.
Let Q:GxG — G be a mapping ,an element (3,a) € G?2 is called coupled fixed point of Q if Q(x, a)=» and Q(a, »)=a.
Definition 2.2: Let (G, U, S;) be a C*AVS,MS with co-efficient||k|| > 1 and suppose Q:GxG - G and A : G — G be two
mappings:
(@) An element (x,a) is siad to be a coupled coincident point of Q and A if Q(x, a)=Ax ,Q(a, 1)= Aa.
(b) element ( »,a) is siad to be common a coupled fixed point of Q and A if Q(x%, a)=An= »,Q(a, ®)= Aa= a.
(c) A pair of (©,A) is called weakly compitable if A(Q(x, a)) = Q(Ax, Aa)) whenever for all #, a € G such that Q(x, a)=An
Q(a, n)= Aa. In this Section we indicate;

u, . .
D= @: U, _,— isnon — decreasing ,continuous and
= P

p(a) <aforalla >0y and p(a) =0y & a =0y
Lemma2.1.1:If (G,¥U,S,) bea C*AVS,MS with || k|| = 1 and suppose that {aep} isaC* — AV—S§,-convergent to ¢,
then we have isb(go,go,{’) < lim inf, o, S, (0,0, 2,) < lim sup,_., Sp(0, 9. 2,) <2KS, (@, #,¢) forall p € G .

In particular, if £ = g ,then we have lim ,_. S, (5, £,, £)=0y .
Proof : Using condition (S, ,) of Definition 1.1, we have
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Sp(9. 0. 2,) <2kS,($0, 90, €) +kS, (e, &), £) and

Sb (501 501 ‘E) <2k5b ((@1 80: %p) +k5b (fl 'el wp)
Taking the upper limit as p — <« in the first inequality and the lower limit as p — < in the second inequality we obtain the
desired result.

Theorem 2.1.2: Let (G, %, S,) be a complete C*AVS,MS with ||kl > 1, suppose I,Q: G2 > G and A,0: G- G be
four mappings satisfying for all £,, &, ® € G,

S, (T(2, %), T(¢,%), Az, ®)) < ﬁma*sbw, A, 0®)a + a’S,(Ax, Ax,0®)a) ..... (2.1.1)

where ¢ € D and a€ U in which ||v2a||<1. Further assume that

(Or(G*) < 0(g) and Q(G?) € A(G) ;

(i) {T,A}and { Q, ©} are w — compatible pairs;

(iii) one of A(G) or Q(G) is complete subspace of (G, U, S,) ;

Thenl', Q, A and © have a unique common coupled fixed point in gG.

proof: Let &, ,ee, € Ghe arbitrary, and from (i), we construct the sequences { &,} , { ®,},in g as

T (e2p  0B2p)= O, 1=F2p T (0 82y )= 008 11=2p

Q (@2p+1+ ®opr1)= ARops2=topr1 s L (®2p11, Bopr1 )= A2y =§05p Wherep =012...... ..

Notices that in C*-algebra, if a, be 2 and a< b , then for any je U, bothj*aj and j*bj are positive elements and j*aj <
j*bj. Now we show that I, 0 , A and ® have common coupled fixed point in G. Assume that Sb(ﬁzp,{’zp,{’zpﬂ) > 0y and
Sp(§2p, 92, #2p+1) > Oy ¥ p .Otherwise ,there exists some positive integer p such that £, = €,,41 §2p = §2p+1a0d
SO (£2p, §2p) is @ common coupled fixed point of I', 2, A, © ,and the proof is complete .By using (2.1.1) ,for each pe N ,we

have S, (11«}2p+1, Cop+1s 11«}2p+2) =Sp (F(a32p+11 (E2p+1)l F(<'=’ezp+1| (E2p+1)l Q(&zp 42, m2p+2))
1
< Hﬁo(a*sb (Aa92p+11 Aeeypiq, @m2p+2)a +a'S, (A(E2p+1, Acesp 1, G)(sz”)a)

< == 0(a"Sy(Laps Lap £ap11)a + @Sy (@20 020 02941)0) oo (2.1.2)
and similarly, we prove that
Sb(SOZpa @2px802p+1) < Ilega(a*sb(prlepa '€2p+1)a + a*Sb(S/JZpa S’JZp:SOZpH)a) e (21.3)
LetLypy1=Sp(£2p1: Lapr1i €aps2) +Sp($2p+1, P2p+1, #2p+2) and using eq. (2.1.2), (2.1,3), we have
1 % *
L2p+1=5b(£2p+1! €2p+1:fzp+2) +Sb(502p+1:802p+1u§02p+2) < ?(p(a Sb(€2pr€2pl£2p+1)a +a Sb(JOZp:SOZp'SOZpH)a)
t e 5(p(a*5b(£2p!€2p1€2p+1)a +a Sb(@zpyﬁozp,z@zpu)a) < e (\/_a) sz(\/_a)
2p+1

< Gy [ (V20)" PLypoa (V2a) o [(WEay PPL(VEa)

Now, we can obtain for any pe N
L,=Sy (9, €, 1) +Sp (0, 0, 0p11) < ﬁ (V2a) £,_,(vV2a)......... W ml (V2a)* 1PLy(V2a)" .

If 35=0y ,then from (S,,) of Definition 1.3.1, we know (,,§,) is a coupled fixed point of I, , Aand ® ,Now letting
Jo > Oy ,we get for any pe N ,for any [ € N and using condition of (S,,,) of Definition 1.3.1,

Sb(€2p+ll €2p+z'fzp+l—1) + Sb(£2p+lr€2p+lr€2p+l—1)

Sb(€2p+ll €2p+lv£2p) < k( )

+Sb('€2pl'€2px1'a2p+l—1)

< 2k Sy(€2pst Lapris Loprio1) ThSp (£2p, Lop Loprio1)
=2k Sb(€2p+ll€2p+ll€2p+l 1) + ksb({)2p+l 1 ¥2psi- 11‘€2p)
< 2k Sp(Lopsr Lapris Caprio1) +2k2Sp(Laprict Loprict Lopric2)t K2Sp(Loprica Loprizas tap) - -
<2k Sb(€2p+1'fzp+1:1?2p+l 1)2k Sb({)2p+l 1 lopri-1:C2pti- 2)+2k Sb(€2p+l 2 lapi- 2!'€2p+l 3)+
+2k'Sy (€2p41.L2ps1. £2p) and similarly,

Sb(802p+11 802p+11502p) < 2k Sb(p2p+ll@2p+li 502p+l—1) +2k25b(502p+l—11 Sozp+l—11802p+l—2)+
23Sy (P 2p+1-2: P2p+i-2 Papri=3)F woovenn +2k'Sy ($2p+1, #2p+1, £2p) Consequently,
Sp (f2p+zv€2p+zv€2p) +Sy (0201 P2p+1 P2p) S 2kLopr1 172k Lopyi_y +.... ¥2K' Ly,
< (V2a)* JPPH-1L (f 2a) " T [(V2a)* L, (V2a) T et

(4k6 )2p+l—2 [

_q kl-m+2
(M)Zpl(f ay PrLo(vZa) " < 250 G (((VZa) yo(v2a)")
l-m+2p 1 1 l-m+2p 1 m
ff-'—zlpl(((\/_ ) ) ,;4—k6 )m ) L )(LOZ( k(4k6 )m ) (\/ia) )
m, gl-m+2p 1 gl-m+2p 1

:2221:2[;1 ((\/E ) oy (4k6)m )2 Lol) (Lol( (4k5)m )2 (\/_a) )

e R(020)" | 10 <2t 2t Vel [

1klIE [y Zal| *P
ll4k6112P=1(||4k7||-||V2al])

(4k6 )2p+1

(4k6 )2p+l 1 [

kl m+2p

LOE (4k6 )™

< 2|5l 1 »0asp—o
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in which 1, is the unit element in U and together with

Sb (£2p+lr {)2p+lr £2p) < Sb ({)2p+la €2p+la €2p) + Sb (802p+ll 802p+lv gOZp) and

Sb(@2p+lv802p+ls 50217) < Sb(£2p+lr{)2p+lr{)2p) + Sb(p2p+lv802p+ls 50217) implies that {{)21)} :{XOZp} are CaUChy sequence in
G with respect to 1, . It follows that {£,,,,} .{§#2,+1} are Cauchy sequence in G with respect to 1, and hence {#,,} {2}
are Cauchy sequence in (G, %, S,) .Suppose A(G) is complete subspace of (G, ¥, S,) ,then the sequences {£,} {,} are
converge to & and ce respectively in A(G) .Thus there exist €, ¢ € A(G) such that

limp o, 2 =liMA o, ®2ps1=8 = AL and lim, o, £, =lIMA, o, B,p =R = AP ... (2.1.4)

Now we show that I'(#, o) = seand I'( g, £) = ce Suppose I'(#, ) # aeand I'( g0, £) = ce by Lemma (5.1.1), we have

1 -
ﬁsb(r(gt 80)1 F(€1 80)1 a) s IlrpTlc!onbe(F(f, 80): F(fl 80)1 £2p+1)
=lim inf,, e, S, (T(6, 9), T(£, ), T (@211, ®2p41))
1
I|m sup 6<p(a Sp(Al,  A8,O,yq)a+a'S,(Ap, AP Ok, )a)

< lim supmgo(a*Sb (AL, A2, 255)a+ a'Sy(A g, A p,£,,)a)
p—

< lim sup, o (a*S, (AL, AL, £;5,)a + a*S,(A @, A 9, §€,,)a)=0y .

Hence , we obtain that S, (['(¢, ), T (£, ), &)=0y implies I'(#, o) = aand similarly we get S, (I'(¢, £),['(g, ), ®)=0y so
that T'(go, £) = ce . It follows that T'(2, ) = & = AL and T'(p,?) = ;e = A g .Since {I', A} is weakly compatible pair, we
have I'(ee, &) = Az and I'(ce, &) = Ace , then we prove that Aee = &eand Ace = ce .From Lemma (2.1.1)

we have

1 .
—ZSb(Aae AR, £ypyq) < I|21_N!Onf5b(l"(ae, ), (e, ), T(®2p 41, ®2pt1))
< lim sup4k6 p(a*Sy(A®, Ae, 02,41 )a + a’S, (Ace, Ace, Oce,,, 4 )a)

<lim supmcp(kz(a*sb (A, Az, £,,)a + a*S,(Ace, A, £,,)a))
p—0
And from Lemma (5.1,1) and using above inequality, we have
1
—Sb(Aae,Aae,ae) < Iim inbe(Aae, A, 2ypy4q)

1
I|m SUp g (p(kz(a*Sb(Aae A, ?5,)a + a*S,(Ace, Ace, §2,,)a))

1
< lim SUp <p(2k3(a*Sb(Aae A®, ®)a + a*S,(Ace, Ace, ®)a))

p—oo
1
< % (a*S, (A, Aee,®@)a + a*S, (A, Ace, ) a)
And similarly,

1
5% — S, (A, Ae, ) < — T (a*Sb (A, A, ®@)a + a*S, (A, Ace, ) a)

Therefore ,
Sp(Aee, Aee, @) +S, (Ace, Ace, &) < (V2 a)*(Sb(Aae,Aae, @) +S,(Ace, Ace, @) (V2 a).
It follows that,
[IS, (Aze, A, ae) + S, (Ace, Ace, ®)|| <2||al|?||S, (A, Az, &) + S, (Ace, Ace, )|
Since||a]| <% , which implies that ||S, (A, Az, &) + S, (Ace, Ace, e)|| = 0 and
henceSb(Aae Aae @) = 0y ,S,(Ace, Ace, ®) = 0y imply that Aee = & A = ce.
Thus (a,ce) is common coupled fixed point of T and A . Since I'(G%) € ©(G) so there exist »,B € G such that T
(e, @)= =@ xand T (e, &)=0ce = 0B . Now show that Q(3¢, B)=a and Q(B, »)=ce .Now from (5.1.1), we have
0y < Sp(e @ Q¢ B)) =S, (T (&, ®),T (& r), 20 B)) < 4—,166(p(a*5b(AaE,A%, 0x)a + a*S,(Ace, Ace, 0B)a)
< a*S,(Az, A, 0x)a + a*S, (Ace, Ace, 0B)a=0y .
Which implies that Q(», B) = & and similarly, we get that Q(B, %) = ce . Since {€, 0} is weakly compatible pair, we have
Q (&, 02)=0e and Q (e, &)=00 ,then we prove that Oz = & and ©ce = e .Now from (5.1.1), we have
Oy < Sp(ee @ 0) =S,(T (& ®),T (& ®) Qe x)
< m<ﬂ(a*5b(1\a& Aee, 0x&)a + a*S, (A, Ace, Oe)a)

< a*S,(e & 0®)a+ a*S, (e, x 0¢e)a

Similarly,
Oy < Sp(ce e 0R) <a*S,(e & 0x)a+ a*S,(ce e 0c)a

Therefore,
Oy < Sy, 0a@) + S,(ce, 8, 0e) < (V2 a) (Sy (e &, 0) +S, (ce, e, 0e)) (V2 ).
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which implies that

0 < |ISy(e 2, OaE) + Sp(ce, e, 0)|| <2|lall? IS, (e, &, 02) + S, (ce, e, 0ce)]|

\/_ , which implies that ||S, (e, &, ©) + S, (e, e, Oce)|| = 0 and

henceS, (e, 2, 0x) = 0y ,S,(ce, e, 0ce) = 0y imply that Oz = & ,0ce = ce.

HenceQ(ze, &) = 02 = a& and Q(ee, &) = Oce = e . Thus (e, ) is common coupled fixed point of I,Q , Aand © . In
the following we will show the uniqueness of common coupled fixed point in G . Let us take (&, ) #(&’, ®') be another
fixed point of I', 2, Aand O then,

Oy <Sp(ee,ea@)=S,(T (2, 0)Tl (& m®)d(x, &) < ﬁ(p(a*sb(Aae, A, 0x')a + a*S, (A, Ace, 0 &")a)
< a*Sy(e @ ®)a+a*S,(e e ©)a similarly ,
0y <Sp(ee, e, ®')<a*S,(e @ &)a+a*S,(e . ®)a

Sincella|| <=

Therefore,
0 < [IS,(ee @ @) +Sy(ce,ce, @)l <2llall®lIS, (e & &) +S,(ce ce &)l
since ||\/§ a ||<1, it is incongruous. Consequently & = &' and ce = ' .Therefore , the UCCFP of I', 0, Aand @ is (e, )
. In order to prove that T, Q, A and © have a unique fixed point, we only have to prove & = ¢ ,we have
0y < Sp(ee e, @) =S,(T (&, )T (& k), Q2w x) < #(p(a*sb (A, A, O)a + a*S, (Ace, Ace, Ox)a)

< a*S,(e @ ®)a+aS,(eeae)d......... (2.1.5)
Therefore, from definition of 1.3.2, we get that 0< ISy (e, 8, @) || <2||all?|IS, (e, &, &) +
Sp (e, 2, )||<|IS, (2, &, e)|| This is incongruous. Consequently, & = ce ,which means that ', 2 , Aand © have a unique
fixed point of the form (&,&) inG .
Theorem 2.1.3: Let (G, 2, S,) be a complete C*-AV-S,MS , Suppose ' : G2 —» G and A: G — G be two mappings with the
following assumptions;
(T (G?) € A(G) And A(G) is a closed sub space of G ;
(0)S, (T2, %), T (£, %), Q(ee,®)) < ﬁ(p(a*Sb(Af, A, A&)a + a*S,(Ax, Ax, Ace)a)where ¢ € D and ae A in which
|[V2al|<1.
(iii) {T,A}is w-compatible pairs.
ThenT and A have a unique common coupled fixed pointin G .
Proof : The proof follows from Theorem (2.1.2) by takingI' = Qand A= 0.
Corollary 2.1.4. Let (G,%,S,) be a complete C*-AV-S,MS , T : G? - @ is satisfying S, (T'(#,3),T(£, %), (e, ®)) <
Iléqo(a*sb({’, ¢,@)a+ a*S,(x, »,e)a)where ¢ € D and a€ A in which ||vV2a|[<1. Then T has a unique coupled fixed
pointin G .
Proof : The proof follows from Theorem (2.1.2) by taking ' = Q and A = ©=I; .
Example 2.1. Let G =[0,1] and A=M,(R) be a all 2x2 matrices whose norm is ||2||=max {a,, a,, as,a, } where a;s are
the entries of A .Then ,clearly (G, ¥, S,) be a complete C*-AV-S,MS with k=4 whenever S,: G2 - M,(R) be as S, (p,q,7)=
(g +r—=2p|+|qg—7r]?, 0). Let : A, - A, defined by qo(N)=§ ,and a€ A with ||a||<%<l. we define mappings T, Q

®%+e? ®2+e?

G2 > G ,A,0:G > G as follows I'(ee, ;)= , Qe oe)— A(ae):‘%zand G)(ae):aliz . Then clearly,['(G?) € 0(G)

and Q(G?%) € A(G). One can show that (e, oe) is a coupled comudent point of I, , Aand @ if and only if & = 0e=0.
Since I'(AO, AO)= A(T'(0, 0)) and Q(60, 60)= 6(Q2(0,0)) ,we get that

{T,A}and { Q, ©} are w-compatible pairs. Now from inequality (2.1.1), we have
_ 2
R (L b TS

®2+? L2432 2

— 47 46
2412 @Z+40e?
46 47

242 aez+oe2

=) o)
) o
, o)
e

(+(%
(s
_4(

4{’2 ®2|?
(45)2

442 aez +4x1? 0e2

4€2 —22+412—ce?
16

o)
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(1 O) 24{’2—an20 (1 O)
_ 11 V2 16 V2'
T 4(45)8 +<1 O) 24;{2—0e22 0 (1 0)
\ V2’ 16 V2 /

1
< 4—k6<p(a*Sb(A€, A, A®)a + a*Sy,(Ax, Ax, A)a)
1
Vz

where a= , | with [lall = %fl. Thus, all conditions of Theorem 2.1.2 are satisfied and therefore I', 0 , A and © have a

V2
unique common fixed point (namely (e&,&) = (0,0) )ingG .

2.2. APPLICATION TO INTEGRAL EQUATIONS
As an application to corollary 2.1.4. we examine the existence of a singular solution to an integral equation in this section.
Theorem?2.2.1: Consider the integral equation

2(t) =f, (F(t5,2(s)) + g (1,5,£(s)))ASVIE & ooovvviiiiniiiiiin, (2.1.6)

where €is a Lebesgue measurable set and m (g)<co . Suppose that
(ip)f.g:exexR— R areintegrable,
(i,) there exists a continuous function ¢:exe— Rand b € (0,1) suchthati,j € €and f(i) H(G)ER,

1113, £G)) = (2G| < Z1SENNEG) = ()] and | a(1j, ) = 8(iuf.2())] < 2= i NINEG) — 2]
(i,)supic . fs |o (i, j)| dj < 1then the integral equation has a unique solution in L®( €) .

Proof: Let e =[0,1] and G = L”( €) be the set of essential bounded measurable function on & and H=L?( €) .The set of
bounded linear operators on Hilbert space H denoted by L (H) . we equip G with S, : G x G <G — L (H) ,which is
ascertained by S, (@, B ,@) = M(jz—c|+|8-cl)? Where M(z_e|+|s-p i the multiplication operator on ' ascertained by
My(x) = h o ,x€ H .Therefore , (G,L (¥),S,) is a complete C*-AV-S,MS with k=22(~1) where p=2>1 .Define the
mappings  Y: U, — U, by y(a) = %,d)(a) = 23—a and T:G2 — G as for all tee TEW()= fs F (t,s,2(s)) +
g (t,s,2(s)))ds Vt € & we haveS,(F'(£,n),T(£,1),T(,®)) =M 3ir¢z, w)-re@))?
Let us first evaluate the following expression:
2P|T(¢, ) — I'(ee, ) (O)IP

P

[ G(ts ) +a(tsu(s)ds — [ (§ (ts@(s)) +a (ts,@(s))ds|

=2P |f8 (7(t,s, 2(s)) — 7 (t, 5, (s)))ds + J. (a(t,s,%(s)) — g (ts, aa(s)))ds|p

1 14

<2271 ( [ 1ol ds | 1£065) = 2O + () ()1

=2P

<2(2k3)p( upies [, 19(t, S)IdS) [2ll1£(s) — () lew) + (2lIn(s) — () le))P]
2(Zkg)p[(ZII{’(S) &(5)lle) + (2lIn(s) — e(s)l))]

Therefore,

1S, (T(£,%), T(£,%), T(&e, @)l =supypj=1 < M2ire, w-ree))Ph n >

= supjn=1 < 2°M(ree, w-r@@hPr n >
=supypy=1 J, (2°IT(€, w)(t) — T'(ze e)(t)|P) h(t)h(t) dt
< Supnhn 1, h@)Pdt 2(2,(3),[,[(2”{’(5) —&(S)lw) + lIn(s) — e(s)le))7]
1Sy (2,2, @)l + IS, (., )]

s 2(2k3)1’ [ l
i) lm
a*S, (¢, £, ®)a+ a*s, (M ® a ||

= ||m<”

By setting a=v/601,, @y sthena€ L (3) and |la|| = \/§<% .Hence , applying our Corollary 2.1.4, we get desired result.
2.3 APPLICATION TO HOMOTOPY
This section explores the possibility of a unique solution to the Homotopy Hypothesis
Theorem?2.3.1: If(G, %, S,) be a complete C*-AV-S,MS then U and U are open and closed subsets of G ,respectively ,
such that 2 € Ul .Let £, % x [0,1] — G be an homotopy operator meeting the requirements listed below.
(t0)? # 8, (£, x,5) , andx + £, (£, », s)for each £, € dl and se [0,1] (here U is boundary of U in G)
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(t1) there exist 3,6 €U and a€ A with ||[V2a| <1 such that 4kS,(2,(¢,x%,s),2,(¢,%,5),8,(® ®s)) <
a*Sy(£,¢,®)a+ a*S, (¢, %, ®)a (t5)3 My, = 0ysuch that S,(8,(£,3,s), 8, (£, x,5), 8, (£,3,t))< ||IMp]||s — t| for every
£,xeUands, te[0,1] ; Then £,(,,s)has a coupled fixed point for some s € [0,1] & £,(,,t) has a coupled fixed point
for somet € [0,1] .
Proof: From (z,) it follows that £, is continuous in the second variable. From (z,) it follows that £, is continuous in the
first variable. We have that

Sp (L5 (8,2,5), 8 (£,%,5), 8, (£, 4, 5)) < 8kSy(L,(£,2,5), 8, (8,3, 5), 8 (£, #p, 5))
< a*Sb(f,f,fp)a + a*Sb(;f, A, %p)a — Oy asp — oo .

If £, — ¢ and x, — » then Sb(ﬁb({’, x,5), 8, (¢, x, s),ﬁb(fp,xp,s)) — Qg asp — .
Therefore,S, (8, (£, , 5), 8, (¢, #,5), 8, (£, 1, 5)) =0y and also we have S, (2, (¢, £, s), 8,02, ¢,5), 8, (3¢, £, 5)) =0y
Now

Sp(8,(£,3,5), 8, (4, 1,5), 8, (&, e, 1) < 2kS,(L,(2,5,5),8,(¢,x,5) L, .,5))
+kS, (L, (e, 08, 1), 8y (&, e, 1), 8 (&, B, 5))
< 2ka(2b(£’,u, s), 8, (2, ,5s), 8 (2, &, s)) + k|| My|lls — ¢

< 2ka*S,(£,¢,@)a + a*S, (3, %, ®)a +k||M,|||s — t| — Oy as (£,x,s) — (&, ., t) .
Hence £, is a continuous function on U? x [0,1] . Also

Sp(8(#,#,5),8,(£,5,5), 8, (28,8,5)) < 4kS,(2,(¢,5,5),8,(£,x,5), 8, (2, ®,5))
K a'S,( L, ®&)a+a*S,(u,n,e)aifl +a& x+ e

Sp (8 (4,3, 5), 8, (£, 3,5), 8, (2, &, 5)) *
(+Sb(£b(x, 2,5),8,0t 2, s),ﬁb(oe,ae,s))> < (V2a) (552 £.2) +5,(e5.)) (V2 ).
Now consider the set
B={se[0,1]:¢=28,(£x5s),x=2,072s) for some £, € U} . Suppose s is a limit point of B .Then there exists a
{sp} in B such that s, — s .Then there exists a sequence {f,},{s,} € G such that £, =£b(€p,%p,sp) and s, =
Qb(}tp,{’p,sp) Now we show that {£,},{s,} are S,-Cauchy sequences with respect % . So there exists € > Oy and
monotonically increasing sequences of natural numbers {q,} and {p,} such that p, > q, .
Sb(fqz,fqz,fpz) € Sb(”qz'”qz’”pz) FE .. (2.1.7) and
Sb({’ 4z Lay pz—l) <€ ,Sb(xqz,%qz,xpz_l) < €...... (2.1.8)
From (2.1.7) and (2.1.8), we have € < S,(%,,.€4,.%p,)
< Zka (fCIz’{) Qz+1)+ ka ({)11z+1’ Qz+1’{)pz)

Letting z— < we have that = < 1im, . S, (€q,,, €q,,1 €p,)  wooooee (2.1.9)
Supposel|s — syl<e and £ € S, (£5,8) , € # €4, % € Sy (35,6)  + 1, then

4ka(£b('gl A, SO)lgb('gl M, SO)!’Q’b( 'gOI HOISO)) < a*Sb({’,{’, 'gO)a + a*Sb(Hl A, J'{O)a
Therefore |,

( 1S, (8, (£, 5, 50), 8, (£, 2, 50), 8, (£, 20, S| ><||\/§a||2< "51,(&{, fo)” )
+||55 (25 Ge, £, 50), 8,0, €, 50), 8, (36, €0, 50)) || )~ 14kl \+11S, e, 32, 320)l
(8, (2, 7,5), 8,(€,#,5),vp (Lo, #9,50)) <

2kS, (L (£, 7,5), L (£, 2,5), 8 (£, 7,50))+kS, (8( Lo, #0,50), L5 (Lo, #0,50), 85 (£, 3,50)) < 2k||My||[s — sl
+kS, (L (Lo, #0,50), L5 (£, #6,50), & (£, ,5p))

Therefore

5
155 (25 (2.2, 5), 25 (£, ,5), 25 (Lo, 20, DIl < 21l 1My llls = sol+1Ikl| <2 lellIMy | € + 3 <2Iell1My | 3=
Hence

1S, (8, (£, 7, 5), £, (£, 3, 5), €Il < ISy (8, (£, 7, 5), £, (£, 5, 5), £, (£, 39, S))| < &
Therefore, &, (£, ,s) € S,(£,,6) and similarly, we prove that &, (s, £,s) € S,( x,,6) .
Thus, for any s, with |s — 5| < e and se [0,1] , it follows that T : S,( €y, 8) % S, (£, 5)
— S, (£,,6) defined by T'(#,x) = £,(#,,s) satisfies all the hypothesis of the theorem (5.1.6). Hence T has a coupled
fixed point. i.e. T(#,%) = £ forsome £ € S, (£,,8) € U
I'(3,£) = x for some x € S,(x,,6) S U therefore, I'(£, ) = L, (£, »,5)=Ff and T'(3, £) = L, (3, ¢,s)=xand hence s€ B
Thus |s — so| < € = s€ B. But lim,_,o, 4KkS,(€y,.. Lapers £p,)"

ZII_)ngo 4ka (Qb (£QZ+1’ Hazer qu+1), Ly (£4z+1’ Hazer qu+1), Ly ({)pz’ Hpy sz))

< Zli_)rTgo(a*Sb (€QZ+1' £4z+1’ fpz)a +as, (qu+1’ Hazer sz)a)

It follows that

. 2

Ilm (4”k” - ”\/Ea” )(||Sb(€11z+1’€qz+1’€17z)” + ”Sb(%fhﬂ’%fhﬂ’%pz)”) <0
Thus lim,_,., S, ({’qm, an Ep,) = O and lim,_c, S, (g, . #q,.,. %p,) = Og. Hence from (2.1.9),
We have that e < Oy Which is a contradiction. Hence {¢,,} and {s,} are C*-AV-5,-CS in
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C*-AV-5,-MS (G,%,S,) and by the completeness of (G, %, S,) , there exist e,ce €U with lim,_, £,=2
and lim,,_,, »,=e . Suppose s, — s ,then (£,,,x,,s,) — (e, ®,s). Since £, is continuous so that

Ly (£ 1y, 5p) — Ly (e, 8, s) and as well as £, (x,, £, 5,) — Lp(e, &, s). But

Ly (bp, 1y, Sp) — £p — @and &y, (i, £y, sp) — 1, — e . Therefore, we have

Ly (Bn#n,Sn) = &and &, (3,, s, S,) = 0 .Hence B is closed.

Now we show that B is open. Let B be s, .Then £, », in U such that £, = 8, (£, #9,S0) and x5 = Ly (29,40, So)
.Because U is open ,6 > 0 must exist for S, (¢,%, £,) < dand S, (3, x, 1) < dimplies that ¢, € U .Choose € such that

O<e < 4"k"‘;M i ,Then s, is an interior point of B .Hence B is open . Consequently B is both closed and open. Therefore,
b

either B=0 or B = [0,1] .Now Suppose £,(.;s) has a coupled fixed point for some s € [0,1] ,then B # @ so that B =
[0,1]. Therefore £,(.;t) has a coupled fixed point for all t € [0,1] . A similar procedure can be used to demonstrate the
opposite.

3. CONCLUSION
This paper presents certain applications of -generalized contractive type - coupled fixed point theorems within the
framework of complete -algebra valued -metric spaces, specifically focusing on homotopy theory and integral equations.
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